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Abstract

We examine the dynamics of solutions to nonlinear Schrédinger/Gross—
Pitaevskii equations that arise due to semisimple indefinite Hamiltonian Hopf
bifurcations—the collision of pairs of eigenvalues on the imaginary axis. We
construct localized potentials for this model which lead to such bifurcations in a
predictable manner. We perform a formal reduction from the partial differential
equations to a small system of ordinary differential equations. We analyze
the equations to derive conditions for this bifurcation and use averaging to
explain certain features of the dynamics that we observe numerically. A series
of careful numerical experiments are used to demonstrate the phenomenon and
the relations between the full system and the derived approximations.
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1. Introduction

This paper brings together several threads in the study of nonlinear waves in media with a
localized defect. It focuses on one specific example: the dynamics of low-amplitude solutions
to the nonlinear Schrodinger/Gross—Pitaevskii (NLS/GP) equation

i0,u = Hu — |ul’u; H=-3+V(x), (L.1)

in the presence of an oscillatory instability, arising from a particular type of Hamiltonian Hopf
(HH) bifurcation. Our interest in this problem has four primary motivations. In the remainder
of this section, we discuss these motivations, while simultaneously defining the mathematical
problem to be studied.
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1.1. Physical motivation

In nonlinear optics, equation (1.1) describes the evolution of the envelope u(x,#) of an
electromagnetic field E inside a nonlinear waveguide [1, 2]. The equation is derived using the
paraxial approximation, so that  measures the propagation distance along the waveguide axis,
and x the transverse profile. The waveguide is assumed to be thin in the third (y) direction,
so that variation in this direction can be safely ignored. The potential V (x) represents the
waveguide structure. The material is assumed to be Kerr nonlinear, i.e. a nonzero electric field
E locally and quadratically modifies the refractive index, n = ny + ny (|E 1%).

When the sign on the nonlinear term of (1.1) is reversed, it describes the evolution of a
Bose—FEinstein condensate (BEC), a state of matter achievable at extreme low temperatures in
which atoms lose their individual identities and are described by a common wavefunction [3].
For equation (1.1) to hold, the three-dimensional condensate must be strongly confined by a
steep potential in the two transverse directions y and z so that it assumes a ‘cigar’ shape. The
term V (x) then describes a less steeply confining potential in the third spatial dimension.

1.2. Mathematical motivation—moving from stability to dynamics

A fundamental object of study for systems like (1.1) is a nonlinear standing wave or bound
state, i.e. a localized solution to (1.1) of the form

u(x, 1) = e U (x).

A solution consists of a function U (x) € H?, and real numbers  and  satisfying
QU = HU — U?;
© 5 (1.2)
/ U (x)dx=||[U||5 = N.
—00
The parameter AV > 0 represents the number of particles of a BEC or the total intensity of

the light in optics. This solution is a nonlinear generalization of an eigenfunction of a linear
Schrodinger equation, although the principle of superposition does not apply. There exist
continuous families of solutions to (1.2) that are indexed by the intensity A/. Some of these
families persist in the limit AV — 0, and approach the eigenpairs of the linear system. We
denote the nonlinear continuation of the linear eigenfunction U;(x) as U JN x).

Nonlinear bound states, or standing waves, represent coherent and simple states that should
be observable in a laboratory experiment. Such bound states may be found numerically, or,
for certain potentials V (x), computed exactly in the linear limit and perturbatively for /Y < 1.
For such states to be observable in experiments, they must be stable, i.e. if a solution to
equation (1.1) is initialized at ¢+ = O with value close to, but not equal to, a solution to system
(1.2), then it must stay in a neighborhood of that solution for all ¢ > 0.

The stability of such solutions has been widely studied, especially their spectral stability.
Eigenvalues or continuous spectrum with positive real part in the linearization of (1.1) about a
given solution is a sufficient condition for instability. The intensity N becomes a bifurcation
parameter: as N changes a particular solution may become unstable, and in addition the
number of solutions and the dynamics may change. The systems can change in a small number
of ways—bifurcation types—dependent on the leading order linear and nonlinear terms of the
system in a neighborhood of the bifurcation, their normal forms.

Recent studies have examined possible bifurcations in system (1.1) and related systems.
Several groups have demonstrated, for example, that solutions to (1.2) with a double-well
potential,

VPx) =V —L)+Vx+L) with V(—x) = V(x), (1.3)
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undergo a symmetry-breaking (SB) bifurcation as the parameter N is raised from zero
[4, 5]. At a critical value Nsg, a symmetric solution to equation (1.2) loses stability and two
stable, asymmetric standing wave modes are created. This has been subsequently understood
in work focusing on the time-dependent dynamics that arise near the bifurcation [6, 7], where
the dynamics of the Duffing equation are seen. The main tool for studying the dynamics in all
the above references, and here too, is to derive a system of Hamiltonian ordinary differential
equations (ODEs) whose dynamics approximate those of system (1.1).
Kapitula, Kevrekidis and Chen [8] have shown that for a triple-well potential

VP2 =V —L)+ V@) +Vx+L) with V(—x) =V(), (1.4)

that this symmetry-breaking bifurcation is replaced by three separate saddle-node bifurcations,
which give rise to six additional families of standing waves. They numerically investigated the
stability of all these solutions but did not address the nonlinear dynamics, which is the subject
of this paper.

1.3. Mathematical motivation—from simple to complex dynamics

The SB bifurcation studied by Kirr et al was shown by Marzuola and Weinstein to display the
dynamics typical of such systems. Below the bifurcation, the ODE system has a single-well
potential energy, and thus a one-parameter family of periodic orbits. Above the bifurcation,
the potential energy has a dual-well shape and three topologically distinct families of periodic
orbits. This manifests itself in a wobbling of the shape of the asymmetric solutions or a periodic
exchange of energy between the two wells [6]; see also [7, 9].

The SB bifurcation studied above is the simplest that can be found in Hamiltonian partial
differential equations (PDEs) with symmetries. The equations derived are integrable, and the
phase plane in the reduced ODE can take one of four simple arrangements, corresponding to
subcritical and supercritical bifurcations. Here, we focus on the next simplest bifurcation, a
relative of the HH bifurcation, which requires one more degree-of-freedom and gives rise to
dynamics that appear to be non-integrable and chaotic. This requires a potential more similar
to (1.4) than to (1.3). The dynamics require certain resonance assumptions on the spectrum of
V (x), which we outline below.

1.4. Mathematical motivation—analyzing previous simulations

There are several types of HH bifurcation, which have been seen in numerical simulations
of a variety of physical systems that support nonlinear waves. These bifurcations arise due
to ‘Krein collisions’ between frequencies, defined in section 4.4 below. Such a bifurcation is
observed numerically in the spectrum of the linearization of (1.1) about a certain standing wave,
when the potential (1.4) is used [8, figure 6(d)]; see also [10]. Although such a bifurcation is
commonly referred to as an HH bifurcation in the nonlinear wave literature, the analysis below
shows it to be, more precisely, a semisimple Hopf bifurcation, corresponding a semisimple
1:—1 resonance defined below in equation (2.8).

Several studies have demonstrated numerically the existence of Krein collisions in other
NLS-related settings: in discrete wave equations [11-14] and in BECs [15-18]. In these,
the bifurcation is discussed only in the context of detecting the instability transition in the
linear spectrum, or by performing a small number of numerical solutions to the initial value
problem. Theocharis et al [19] present one such simulation of multiple dark solitons in a
BEC system. They describe the Krein collision as ‘the collision of the second anomalous
mode with the quadrupole mode’ and display dynamics in their figure 5(c) very much like our
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figure 6(b), column 3. A goal of this paper is to shed light on the origin of such patterns in this
and similar numerical simulations.

Many of these references cite in passing the monograph of van der Meer [20], but this
analysis only applies to the generic HH bifurcation, and not the semisimple cases. In both
bifurcations, the linearization matrix possesses a complex-conjugate pair of multiplicity-two
imaginary eigenvalues. In the semisimple case, the corresponding block of the linearization
can be diagonalized over C. In the generic case, this block has a non-trivial Jordan form.
The bifurcation in the generic HH case is codimension-one and very well understood; see,
for example, [20-23]. By contrast, the bifurcation discussed in this paper has codimension
three.

Kapitula et al have developed rigorous analytical methods for detecting Krein collisions in
Hamiltonian nonlinear wave equations [24, 25], and apply these methods to study the stability
of many different solutions. In [26], they use this machinery to study the stability of rotating
matter waves in Bose—Einstein condensates, and demonstrate the presence of Krein collisions.
They supplement this with well-chosen numerical simulations showing the dynamics that arise
when the solution is destabilized.

Overview and organization of the paper

In this paper, we focus the dynamics in the vicinity of an HH bifurcation. The main tool of
the paper is to derive a finite-dimensional model of the dynamics, via a Galerkin truncation.
This Hamiltonian system of ODE:s is then further reduced via symmetries to a two degree-
of-freedom system, the smallest that can possess a 1 : —1 resonance. Using Hamiltonian
averaging methods, we are able to separate further the slow and fast timescales of this reduced
system. Using these tools, we focus on the instability of one particular solution to (1.1) and the
dynamics nearby. We use numerical simulations to show the agreement between the different
models, and to demonstrate the appearance of chaotic dynamics.

Section 2 contains preliminaries. After a brief list of notation used, we discuss in
section 2.2 technical assumptions on the potential V (x). After a slight reformulation of
the problem in section 2.3, we review some basic concepts from dynamical systems and
Hamiltonian mechanics in section 2.4. Section 3 discusses the elementary properties of the
finite-dimensional model. In section 3.1, we briefly describe its derivation from (1.1) and
in section 3.2 we use symmetry to reduce the dimension from three to two. We compute a
further reduction of the dimension to (3.10), using Hamiltonian averaging to put the system
in Gustavson normal form. In sections 4 and 5, we discuss the stability of certain solutions,
and the dynamics in a neighborhood of those solutions. Section 4 contains analysis and
section 5 a numerical study. Section 4.1 reviews the known stationary solutions of system
(3.4). In section 4.2 and in section 4.3, we compute the linearizations of the PDE and the ODE
about the relevant solutions, and in section 4.4, we derive an analytical approximation to the
amplitude at which the antisymmetric mode becomes unstable. In section 4.5, we describe the
phase space of the one degree-of-freedom averaged equations. Section 5 contains numerical
experiments that further explore the phase space, and compare the results of simulations of
the different approximations. Section 5.1 compares the stability result of section 4.4 with
direct simulations of the linearized problem defined in section 4.2. Section 5.2 compares
the numerically computed dynamics of NLS/GP and the finite-dimensional model. Section 6
contains a concluding discussion and presents several directions for planned future research. In
the appendix, we sketch the construction the potential, thus proving the existence of a potential
satisfying the assumptions of section 2.2, while leaving further details to the supplementary
materials (available at stacks.iop.org/JPA/44/425101/mmedia).
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2. Preliminaries
2.1. Notation

e An overbar, 7 represents the complex conjugate of z.

e iz = Real(z) and Iz = Imag(z).

o (f,g) = fR f(x)g(x) dx is the L? inner product over complex-valued L? functions of a real
argument.

e The inner product of u, v € R" is (u, v) = Y ;_, ugvy and in C" is(u, v) = Y ) _; uxVy -

2.2. Assumptions on the potential V (x) and the spectrum of H

We make the following assumptions about V (x) and about the frequencies €2; that solve the
linear eigenvalue problem

HU;(x) = Q;U;(x). 2.
Assumptions on spectrum Assumptions on potential
S1) Q1 <y < Q3 <0; V1) V) <0
(82) @2, =€ =0(); (V2)  limpyo V(x) =0;
(83) Q23— =0(1); (V3) V(x) =V(—x).

($4) (23— 2) - (-2 K]
S5) 292, —Q; <0

To satisfy assumption (S4) in particular, we let
Q2 —Q =W —c¢ and Q3 — Q2 =W+e, 2.2)

where ¢ << W and W = O(1). The sign of € is left unspecified while W > 0. Assumption (S5)
ensures that the linearization about mode u, possesses no leading-order resonances between
the discrete and continuous spectrum. The evenness assumption assures that the eigenfunctions
u; are, alternately, even and odd functions, and we further assume they satisfy H U, || = 1. Note
further that, by [27, theorem 13.9], the essential spectrum consists entirely of continuous
spectrum; specifically

Oess = [0, 00).

Remark 1. As in [4], these assumptions ensure that equation (1.1) has O(2) x Z, symmetry,
as does the finite-dimensional system that we derive.

Kirr et al show that for a similar system with a symmetric potential with only two closely
spaced eigenvalues and 2, — 2; < 1, that the SB bifurcation of the nonlinear continuation
of UIN occurs at a small intensity

N X Qz — Ql .

Analogously, we show in this paper that under the above assumptions, the Krein collision, in
the linearization about U3V occurs for

N o Q3 — 28, + Q; o« |e].
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Figure 1. Top: the potential with 2, = —10, W = 1 and € = —0.1 in assumption 2.2. Bottom: its
corresponding eigenfunctions.

In the appendix, we demonstrate a potential V (x) with two prescribed negative eigenvalues
and which also satisfies conditions (V1)—(V3). A similar potential with three frequencies is
derived in the supplementary materials (available at stacks.iop.org/JPA/44/425101/mmedia).
An example constructed in this manner and satisfying the above assumptions is shown
in figure 1. The potential is chosen such that Q = (—11.1, —10, —9.1). The numerical
computations in the paper use this potential, except where noted. It is the odd mode UQM , the
nonlinear continuation of eigenfuction U,, that undergoes the HH bifurcation.

Remark 2. In the two-mode case, breaking assumption (V3) causes the bifurcation to
degenerate from a pitchfork bifurcation to a saddle node. In the three-mode case, the Krein
collision is generic and occurs regardless of this assumption, although the type of HH
bifurcation may change. Still, assumption (V3) greatly reduces the number and complexity of
the nonlinear terms in the reduced system.

2.3. An alternate formulation

The change of variables u = /N in equation (1.1) and U = /N U in (1.2) produces the
modified evolution equation

0,0 = Hii — N'|ii|a, (2.3)
and stationary equations

QU = HU — NU?;
oo . 2.4)
/ U*(x)dx=||U]]5 = 1.
—00
This formulation presents a natural environment for studying the N' — 0 limit. Since this
system is well-defined regardless of sign(N\'), we can study all the bifurcations for A" € R,
which gives a fuller picture of the dynamics, unifying the focusing and defocusing NLS
equations. We use this formulation for the remainder of the paper.
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Remark 3. This formulation has, in general, no bifurcation at N' = 0: for almost all potentials
V (x), a smooth family of functions passes through any solution to system (2.4) at ' = 0.

2.4. Hamiltonian systems, resonance and stability

The principal tool of this paper is to formally reduce system (2.3) to a finite-dimensional system.
While the definitions given in this section refer to finite-dimensional systems, equivalent
definitions exist for infinite-dimensional systems.

It is convenient to define the Hamiltonian in terms of n complex variables z =
(z1,22, ..., 2,) and their complex conjugates. In this setting, the Hamiltonian H is a real
valued function H(z, ) with canonical position vector given by ¢ = z and momentum vector
by p = iz. The evolution equations are
4 9 H(z, 2); =1 2.5
ldtZ’_az’j’f (2, 2); j=1,...,n (2.5)
We often make reference to a ‘solution’ to a Hamiltonian H (z, Z), by which we mean a solution
to the associated system (2.5).

2.4.1. Relative equilibria and relative periodic orbits. A solution to system (2.5) of the form
c=e iy,

i.e. a solution that is time-invariant in an appropriate rotating reference frame, is known as
a relative equilibrium. Equation (2.4) describes such relative equilibria for NLS/GP (2.3).
Similarly, a relative periodic orbit is a quasi-periodic orbit which appears periodic when
viewed in an appropriate rotating reference frame. A more technical definition of a relative
equilibrium (or periodic orbit) is a solution to (2.5) that corresponds to an equilibrium (or
periodic orbit) of a symmetry-reduced Hamiltonian derived from (2.5).

2.4.2. Quadratic Hamiltonian systems and resonances. A more standard formulation is to
make the change of variables ¢ = (z +2)/ V2 p=(z—2z/ (i/2)), which is canonical, i.e. it
preserves the Hamiltonian structure ¢; = 0H/dp; and p; = —dH/dq,. Writing x = (;f,),the
equations of motion are %x =JVH; J = (PI 10).

Assuming that x = 0 is an equilibrium, then H = H, (x) +0(|x?),where H, (x) = (x, Kx)
for some symmetric matrix K. The linear stability of the trivial solution is determined by the
eigenvalues A; of the matrix /K. The real and imaginary parts of the eigenvalues determine,
respectively, the growth and decay rates of the solution, and the oscillation frequency of small
solutions. The solution is unstable if any eigenvalues A ; satisfy A ; > 0.

If the trivial solution is neutrally linearly stable, then JK has n complex conjugate pairs
of eigenvalues A = +i2; on the imaginary axis, the natural frequencies of the system. If these
eigenvalues are distinct and nonzero, then the matrix JK is diagonalizable. Any solution to the
linear system is of the form

n
x= N(c;e V), (2.6)
j=1
where V; is an eigenvector corresponding to i2;.
Topologically, such a solution lies on an n-dimensional torus T” in the 2n-dimensional
phase space. The analysis in this paper requires some understanding of resonances in
Hamiltonian systems, see e.g. Wiggins [28]. A resonance relation is a solution to the equation

(k, Q) =0 with & € Z"\{0}. 2.7)

7
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The sum
Ikl =" Ikjl
j=1

defines the order of a given resonance; e.g. a frequency vector 2 satisfying assumption 2.2
with € = 0, together with the vector k = (1, —2, 1), satisfies equation (2.7) and defines a
resonance of order 4. The number of linearly independent vectors k that solve equation (2.7)
is the multiplicity of the resonance. In the absence of such resonances, each solution (2.6)
is dense on T”. Given a resonance with multiplicity m, the solutions are confined to, and
dense on, (n — m)-dimensional subsets of T" which are themselves topologically equivalent
to T"~™. To understand this, think of the two-dimensional case. If there are two non-resonant
frequencies, any nonzero solution is dense on a two-torus, so its closure is two-dimensional,
but if the two frequencies are rationally related, then each one-dimensional orbit is closed. The
closed orbits lie on the level sets of an additional conservation law within T?. A system with
a near-resonance, (k, ) < 1 but non-zero, and small nonzero nonlinear terms will have a
nearly conserved quantity. Averaging methods then allow us to decrease the dimension of the
system and obtain simpler equations that accurately approximate solutions for long but finite
times.

While our procedure is to first derive a finite-dimensional Hamiltonian approximation to
NLS and apply averaging methods to analyze this finite-dimensional system, Bambusi and
collaborators have applied such methods directly to a variety of PDE systems [29-31], the
most relevant being [32]. We return to this theme in the conclusion, after more of the technical
details have been introduced.

2.4.3. Bifurcations. Bifurcation points, locations in parameter space where the stability,
type, or number of solutions changes may be classified into different types, or normal forms.
A normal form for a system of differential equations is any equivalent system of differential
equations, obtainable by a change of variables, in which the dynamics are particularly simple
to understand [28]. We talk more about normal forms for Hamiltonian systems in section 3.3.

In Hamiltonian systems, it is well-known (Williamson’s theorem) that if A is an eigenvalue,
then so are —A, A, and —A. This implies that the eigenvalues can occur in four types of
groupings, up to multiplicity: complex quadruplets (Krein quartets) {X, A, —A, —A} with
nonzero real and imaginary parts, real-valued pairs {A, —A}, purely imaginary pairs {ix, —ipu}
and zero eigenvalues of even algebraic multiplicity.

The symmetry-breaking, or Hamiltonian pitchfork, birfurcation occurs when, as a
parameter is varied, a purely imaginary pair of eigenvalues collide at the origin, producing a
purely real pair. Here, small perturbations to the origin initially grow monotonically due to
the real positive eigenvalue. See figure 2(a) and (b). At the bifurcation point, the spectrum
contains a zero of multiplicity-two.

A solution may also lose stability when, as the parameters are varied, two pairs of pure
imaginary eigenvalues collide at a nonzero point on the imaginary axis, and the four eigenvalues
recombine to form a quartet of fully complex eigenvalues. The linear stability is determined by
the form of H, while the dynamics in a neighborhood of the equilibrium also depends on the
higher-order terms. There are several different normal forms for a pair of complex conjugate
double eigenvalues

HYS, = (Q+8) |z + (£Q+8) |l (2.8)

At §; = &, = 0, these systems are possess the semisimple 1 : 1 or semisimple 1 : —1
resonance, depending on the + sign, because the frequencies of JVH, at §; = §, = 0 are

8
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Figure 2. (a) The path of the eigenvalues as a parameter is varied in the Hamiltonian pitchfork
bifurcation. (b) The real and imaginary parts of the eigenvalues. (c) The path of the eigenvalues
as an parameter is varied, resulting in a Krein collision. (d) The real and imaginary parts of the
eigenvalues. After Luzzatto—Fegiz and Williamson [36].

in ratios 1 : =£1, and satisfy resonance relations of the form (2.7) with k = (1, F1). In
both of these cases, the matrix JK is semisimple (diagonalizable over C). We may refer to the
bifurcations in these two systems, depending on the = sign, as the semi-simple positive-definite
(SPHH) and the semisimple indefinite (SIHH) Hamiltonian Hopf bifurcations.

The third normal form that possesses a pair of multiplicity-two eigenvalues on the
imaginary axis occurs when the matrix JK is non-semisimple, i.e. has nontrivial Jordan
form. This normal form is referred to in the geometric mechanics literature as the Hamiltonian
Hopf (HH) bifurcation, while in the nonlinear waves literature, the HH label has been applied
to any of the three normal forms. The failure to recognize this distinction has caused a lot of
confusion in the nonlinear waves literature, and results applicable to the Hamiltonian Hopf
bifurcation have often been inappropriately cited in reference to systems with either of the two
semisimple normal forms. There exists a very small literature studying the two semisimple
cases, notably [21] and [33], while a wealth of papers examine the HH bifurcation, for example
[20, 22, 23].

The system under study here undergoes the SIHH bifurcation. Nonetheless, we will
use the abbreviation HH in this paper, as is familiar, and the abbreviation SIHH is
awkward.

Readers unfamiliar with the Hamiltonian context may nonetheless be aware that the
generic (non-Hamiltonian) Hopf bifurcation may be classified as supercritical or subcritical.
This classification depends on the nonlinear terms in the equations, whereas the classification
given above depends solely on the linear part. A similar classification is made by Lahiri and
Roy for the nonsemisimple HH bifurcation using formal averaging of a different type than
given here [34].

They find two types of bifurcations, depending on certain coefficients in the cubic and
quartic terms in the Hamiltonian. In their Type I bifurcation, they find that there exists a critical

9



J. Phys. A: Math. Theor. 44 (2011) 425101 R Goodman

nonlinearity coefficient N > 0. For NV > Ny, the averaged equations possess a periodic
orbit a distance d o /N > Ny from the origin, regardless of whether the nonlinear terms
are subcritical or supercritical. In their Type II bifurcation, there exists no nonzero periodic
orbit near zero on the unstable side of the bifurcation. Johansson makes a similar observation
in his study of the NLS trimer [11] but does not comment on the difference between the
semisimple and non-semisimple bifurcations—in fact, a straightforward computation shows
the bifurcation for the trimer is semisimple, so the results of Lahiri and Roy do not apply.
The analysis of Chow and Kim [33] serves a similar purpose for the SIHH bifurcation, but the
dynamics are too varied to fit into a simple dichotomy.

2.4.4. Krein Signatures. Whether the collision of eigenvalues on the imaginary axis leads
to instability is determined by the Krein signatures [35] associated with them. Let I, be the
eigenspace corresponding to the eigenvalues iw, with basis {£], . .., £,}. Defining K} to be
the restriction of K to I,,, which can be constructed explicitly, using (complex) inner products

to define a matrix
K\ = (5, K&).

Since K} is self-adjoint, we can define the positive (respectively, negative) Krein signature of
1, to be the number of positive (resp., negative) eigenvalues of K“}.! An important theorem on
stability [35] states that if /,, has mixed signature, i.e. if both its positive and negative signatures
are nonzero, then upon perturbation the eigenvalues may split into a Krein quartet, and that
this cannot happen if 1, has purely positive (or purely negative) signature. As a consequence,
when two pairs of purely imaginary eigenvalues of opposite Krein signature collide, they
generically split into a Krein quartet, indicating that the origin has become unstable, with
oscillatory dynamics due to their nonzero imaginary parts as sketched in figure 2(c) and (d).

3. The finite-dimensional model

3.1. Derivation of the model

We decompose the solution to equation (2.3) as the following time-dependent linear
combination:

u=c1 (U1 (x) + c2()U2(x) + c3(0)Us (x) + n(x; 1), (3.

where the eigenfunctions U;, defined in equation (2.1), are orthonormal and, for all ¢, n(x; t)
is orthogonal to the discrete eigenspace, i.e.

(Ui, Uj) =6 ; and n(,1),U;) =0, for i,j=1,2,3.
We define the projection operators on to the discrete eigenmodes
;¢ = (U}, 5)U; for j=1,2,3, (3.2)

and onto the continuous spectrum

Me¢ = ¢ — (ITy + I + I3)¢.

! Mackay [35] provides a complete definition, which is also well defined for the cases of real eigenvalues and complex
quartets as well as purely imaginary eigenvalues.

10
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Substituting the decomposition (3.1) into NLS/GP (2.3) and applying these four projection
operators gives evolution equations for the components of the decomposition. The following
system of equations is equivalent to (2.3) under the assumptions of section 2.2:

i% — Qic1 + NannleiPer + ainz(cies + 2lerPe3) + anx (21 leal” + ¢13)
+ans(2cilesl® + €163) + a3 (365 + 2leal’cs)
+aissslesl’es] = Ri(er, e2, ¢3,1);

i% — Q03 + Nann(ciéz + 2le1*e2) + 2a1223 (16283 + 16263 + C1e2¢3)

+ annlel*er + axs3(2cales)* + 6c3) | = Ra(er, ca, c3,1);

.dcs _ -
L Q3¢5 + NanslerPer + anss(cies + 2ler*es) + as (2c1leal” + ¢1c3)
+ai333(2ciles|* + €163) + ans3 (363 + 2leal’cs)
+ azszslesl’es] = Rs(er, e, 3, 1)
i1 — Hn + Nn*n = Re(er, e2, 3, 1), (3.3)
where

jkim = (U, UglUy,)
and we have used the invariance of the coefficients a i, under permutation of the four indices
and the fact that a i, = 0if (j+ k+ 1+ m) is odd. The parameters are calculated numerically
as needed for the numerical simulations. The remainder terms R; are the projections of the
remaining nonlinear terms of (2.3) onto the discrete eigenfunctions:

Rj = —N -TIF,

where I1; is given in equation (3.2) and
F = |eiU; + Uz + c3Us + 0> (c1Us + e2Us + ¢3Us + 1)
—letUy + c2Us + c3Us|*(e1Uy + e2Us + c3Us).

The remainder term in the continuum portion is
Rc = —N - TG,

where
G = |c\Uy + c2Us + c3Us + n1* (c1Uy + c2Us + e3Us + 1) — Inl* 1.

Ignoring the contributions of 7n(x;t) to the solution yields a finite-dimensional
approximation to (3.3); the reasoning for the change of notation N' — N is described

afterward:

_dC1 — —

L Qic1 + N[annleilPer + ainz(cies + 2lerPes) + anx (2c1leal® + ¢1c3)
+a133(2cilesl” + ¢163) + a123(c38 + 2leal’c3) + arzazlesPes] = 0

_dC2 2 - 2 - - -

Ll Q05 4 N[ar2(cicr + 2le1Pe2) 4 2ains(cicas + c1éacs + Creacs)
+ annler|*er + anss(2e2les)? + 62c3) | = 0

_dC3 — —

L Q3¢5 + NlansleiPer + anss(cics + 2leil’es) + a3 (2cilel* + ¢13)
+ ai333(2c1les® + ¢163) + a233(c3 + 2lea’es) + azzzzlesl’es] = 0. (3.4)

11
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We have introduced the following slight change of notation in this equation. As system (3.3)
is equivalent to equation (2.3), it conserves the L> norm

ler)? + leal® + lesl* + [Inll; = 1.

This implies that |c;|> + |c2|> + |c3]? < 1, while system (3.4) possesses a finite-dimensional
conserved quantity corresponding to the photon number of system (1.1),

le1]? + lea? + les|* = 1. (3.5)

The conserved quantities in systems (2.3) and (3.4) are not equivalent, since the contribution
of n(x, 1) is ignored in the latter. Recall that \ represents the total intensity and the sign of
the nonlinearity in equation (1.1). Since the meaning of N is slightly changed from equation
(2.3) to system (3.4), we introduce the new constant N.

The above reduction demands some justification, either numerical or rigorous. One check
is whether a numerically computed solution to (1.1) whose initial condition consists of a linear
superposition of the eigenmodes stays close to the manifold 5 (x, #) = 0 for long times. Our
PDE simulations, which are described in section 5.2 were run over long times, up to 20 000
oscillations of the phase 6 (). Although they were run with absorbing boundary conditions,
the computed L? norm of the solution was in all cases conserved to within half of a percent,
and the L? norm of the projection onto the three eigenfunctions conserved to within 0.6
percent. Further, figure 6 shows good qualitative agreement, and for shorter times quantitative
agreement, between solutions to (1.1) and the approximation (3.4).

To rigorously justify the above assumptions is, of course, a significant task, and one which
we delay to a subsequent paper. It should proceed in largely the same way as recent results.
Here we discuss those results and in what sense those results justify the finite-dimensional
truncation. Kirr et al [4] prove using a Lyapunov—Schmidt argument that standing waves
given as the continuations of the linear eigenfunctions are well-approximated by solutions
to the finite dimensional system, and that the critical amplitude at which such solutions lose
stability in symmetry-breaking bifurcations is asymptotically close to the bifurcation value
for the finite-dimensional problem. Marzuola and Weinstein [6] prove a shadowing theorem,
in which certain quasiperiodic solutions to the finite-dimensional system are shadowed by
solutions to NLS/GP (1.1) over long but finite times using an infinite-dimensional Floquet
argument. This approach required the use of Strichartz estimates, and we should be able to
prove similar theorems regarding periodic and quasiperiodic solutions in the present case.
Pelinovsky and Phan [7] use a normal form argument that proves the results of Kirr without
Lyapunov—Schmidt, and obtains short-time shadowing theorems like Marzuola for arbitrary
small initial conditions, not just certain periodic orbits, without the need for Floquet analysis
and using much simpler inequalities, at the cost of the estimates being valid on significantly
shorter timescales. Of course, since the numerics below suggest that both the PDE and ODE
evolve chaotically, such a shadowing theorem may have to be replaced by a much weaker
statement. The proofs given in the above references depend on stricter assumption than those
given in (S1)—(V3), particularly inequalities involving the coefficients a;j;.

3.2. Model reduction via symmetry

To understand the dynamics of system (3.4), it is useful to use the invariance of H under
cj — €'%c; to reduce the number of degrees of freedom from three to two. This reduction is
based on the Hamiltonian form

12
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2 2 2 I 4 2= =
H = Qilei|” + Qaleal” + Qslesl” — N[ zanlel* + anslel|* (e163 + ¢ie3)
1 22 2.2, 122 1 22 2.2, 122
+ann (5616 + 2le1Plel” + 36163) + anss (56163 + 2leilesl” + 36i¢3)

20 =, = ) - - 20 = | =
+611223(2|62| (6163+C1C3)+C1C2€3+C1C2C3)+d1333|6‘3| (c1c3 + C1c3)

+ianmler|* + ans (3636 + 2leaPles? + 165¢3) + Lazaasles]’] (3.6)
with evolution equations
.. oH .
ici=—; Jj=12,3. (3.7
’ 8Cj

We simplify the equations using generalized action-angle coordinates
c1(t) = o1 (1) e’ (1) = p() e’ a3(1) = o3(1) e’V (3.8)

where p(t), 6 (t) € R. ODEs for these variables are determined by inserting (3.8) into equations
(3.6) and (3.7). The ¢, equation determines the evolution of 6 (¢) in terms of o and o3

0(t) = = + N[ann(l = loi|* = los]*) + Janxn(of + 4lonl* +57)
+ @123 (26301 + 26103 + 6153 + 0103) + sanss (o3 + 4o +637)]. (3.9)
This equation and the conservation law (3.5) are used to eliminate 6 and p from the evolution

equations for o (¢) and o3(¢). These are integrated to give a reduced Hamiltonian depending
solely on N, o1, 03, and their complex conjugates:

Hg = (=W +&)|o1|* + W + €) lo3|* — N[3ai11 lo1|* + ai113 lo11* (0163 + 6103)

+3ann(1 — |o1|* = |o31) (o] + 4lo1|* + 67)

1 2-2 212, 1222
+ans (30765 + 2|01 ’los|* + 36703)

+ a3 (1 — |0 |* — |o31*) (0103 + 20153 + 26105 + 6163)

+ais33lo3|* (0153 + 6103)

+ 1ann (1 — |o1|* — |o3]*)? + 1axnss (1 — 011 = |031*) (05 + 4lo3]* + 55)
+ azlosl*]. (3.10)

The term c,(#) may be recovered using the conservation law (3.5) to obtain p(¢) and
equation (3.9) for 6(¢).

Remark 4. This reduction involves defining a reference phase 6 (¢) and thus leads to reduced
equations that are not equivariant with respect to rotation by a phase.

3.3. Averaging and further reduction of the ODE

We further reduce the system using averaging methods. This puts the equations into normal
form, which identifies which terms in Hy have a significant effect on the dynamics at leading
order. We formally apply the von Zeipel procedure, which applies when there is a resonance
between eigenvalues [28, 37]. The averaged equations preserve some but not all features of
the full system of equations—for example, hyperbolic equilibria and their local un/stable
manifolds are preserved, but homoclinic orbits are not. The averaged system Hayerage, €quation
(3.19), is completely integrable, but we do not expect general Hamiltonians, such as (3.10), to
be. Our numerical computations, typified by figure 6, suggest that the full system is chaotic
and thus not integrable.

To put the system in the correct form for averaging, we make two exact changes of
variables. After using definition (4.4), and replacing € in equation (2.2) by

€ — S€
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with € > 0 and s = +£1, we first make the change of variables to canonical polar coordinates
oj — pjeief; j=1,3,

yielding a Hamiltonian:

Hporr = Wp1 — Wp3 — €5(p1 + p3) + €v[(a1122 08 201 + 2a1122 — a2022) p1
+2a1223(2 cos (01 — 63) + cos (01 +63))/p1/03
+ (a2233 €08 205 — an + 2a2233) p3
+ %(—2641122 08201 + ayn — 4anxn + ann)p;
+2((ar113 — 2a1223) cos (01 — 03) — a3 cos (01 + 93)),013/2/031/2
— (ay122 €08 201 — a133 cos 2(6; — 03) + ax33 cos 203
+2a1122 — 2ay1133 — a2 + 2a233) 0103
—2((2a1223 — a1333) cos (81 — 03) + a123 cos (01 + 93)),01]/2,03/2
+ 1 (—2a233 €08 205 + arnny — 4anozs + a3333) 03 (3.11)

Averaging methods allow one to simplify a system by replacing some or all of its oscillatory
terms by their means, which is accomplished using a sequence of near-identity changes of
variables. Leading-order linear terms that satisfy a resonance condition, as in (2.7), render
some of these equations unsolvable due to zero denominators. Were it not for such resonances
between the eigenvalues, one could formally remove all terms containing trigonometric
functions and fractional powers of p; and p3, putting the system in the so-called Birkhoff
normal form. In the present case, the leading order linear part H, = Wp; — Wpsis 1 : —1
resonant (semisimple and indefinite), so the system cannot be completely averaged and the
Gustavson normal form applies, in which all but the resonant terms are averaged away. For
more information see Wiggins [28, section 19.10, section 20.9].
The canonical change of variables

01 = ¢1, 03 = —¢1 + @3, o1 =1 + 1, m =1

puts the Hamiltonian into the form

Heeaweed (I, @) = Ho(I) + €Hy (I}, Ix, ¢1, $3), (3.12)

where
Hy(l) =WI, and H, = H™" (L, L) + H* (L, I, ¢1, $3)

and H{* has period 7 in ¢ and 27 in ¢3. In general, the term Hy may be written as the inner
product
Hy = (0, 1),
so that, in this case, w = (W, 0). Equation (3.12) shows that ¢; oscillates on an O(1) time
scale since %(ﬁl = W + O(e), while I}, I and ¢ oscillate slowly, on an O(e~!) time scale.
For this reason ¢, but not ¢, can be averaged out.
In the present problem, H{®* contains five terms, details omitted:

I_IloSC = ZH{C(INIS)COS <k’ 5)5
keK
K = Kres UKnon = {(O’ 1)} U {(23 0)7 (2’ _1)’ (23 _2)’ (49 _2)}

Applying definition (2.7) the ordered pair (0, 1) € K is resonant with w, while the four in
K,on are not.

14
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The von Zeipel averaging procedure yields a partially averaged Hamiltonian as a formal
power series in €,

9 9
=3¢ Vi= g (3.13)
SU, ¢, €)=, ) +€Si1(J, ) + - -- (3.14)
HW¥) = Hol) + €Hy () + -+ - (3.15)

Equations of the form (3.13) generate a canonical near-identity change of variables (/, ¢) —
(J, ¥) for any generating function S(J, ¢), the downside being that S must be inverted in order
to find J. A more modern approach using Lie transforms does not have this problem. Plugging
the expansion for I = S into the Hamiltonian (3.12), setting this equal to the series (3.15) for
‘H and equating orders of €, one finds at O(1), Hy = Hy, and at order ¢,

Hi(, ) = (ViHo, VSi) + Hi (1, ¥) = (@, Vi) + Hi (] ).

The terms in S; are chosen to eliminate the fast phases from H;. The method proceeds
by eliminating terms in H; of the form H{‘ cos (k, q;) one at a time by solving homological
equations of the form

(@ - V5)S} + Hf cos (k. ) = 0.

—

For k € K., this equation is unsolvable, since cos (k, ¢) is in the nullspace of the operator
w - V. Terms involving k € Kyon may be eliminated, so that

Si=>

k€Knon

—Hf
(k, )

sin (k, $).

This transforms the Hamiltonian to

H ) =Wy + €Hi U1, I3, ¥3) + € Hremainder (1, 3, Y1, Y35 €), - (3.16)
where
Hi(J1, B3, ¥3) = aJy +asdz + 0l1,1J12 + a1 3103 + 053,3J32

+ 2123V (J1 + 255 — D/ T3/ 5 + Ji cos 3 (3.17)

and Hemainder 1S 277 -periodic in ¥;. We delay writing down the coefficients.

System (3.16) is in the proper form for the reduction procedure of [38, section 4.8]. We
consider the dynamics on the level set H = AW and solve for J; in (3.17) as a series in €.
Such a solution exists when ;’TIH # 0, or equivalently when %lﬁl 2 0. In this case ¥ is a
time-like variable; the reduction then gives simplified equations for the evolution of (J3, ¥/3)
with respect to ;. The ansatz

Ji=LUs s ) =7 +esfV +- -
yields expansion
1
1 =l Y = = G T, )
and J3 and 3 evolve under the effective Hamiltonian

€
Hreduced J3, V3, T; h) = =L = —h + WHI (J3, ¥3; h) + €2Ha (J3, Y3, T5 ). (3.18)
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Ignoring any terms independent of J3 and 3 that do not effect the dynamics

Hi(s.¥3: h) = 115 + val3 + v3/Jay/Js + h (205 + h — 1) cos 3
with
Y1 =26+ (—annh+2a12203h — 1) — 2a1133h — 2a2000 (h — 1) + 2ap33(h — 1)) v
v
n=7 (=an + 8aiin — 4aizz — 4axnn + 8axzz — asszz)

v3 = 2van;.

Remark 5. The implicit function theorem will fail if there exists 7y such that d% |t=ty, = % =0
if Y; does not grow monotonically, it cannot be used as a proxy for time. Our simulations

show this is the case, for example, in figure 6, row (d).

System (3.18) satisfies some easily verified smoothness requirements in order to apply the
averaging theorem, as stated by Guckenheimer and Holmes [38, theorem 4.1.1]. The theorem
guarantees that there exists a change of variables

J=J3+0(e), Y =3+ O(e)
such that the solution to the averaged system with Hamiltonian
€
7—{average = WHI W, ¥ h) (3.19)

agrees with solutions to system (3.18) with O(e) error O(e~!) timescales. Further, for
sufficiently small €, hyperbolic equilibria and their local invariant manifolds of system (3.19)
correspond to hyperbolic periodic orbits and their local invariant manifolds of system (3.18).
Similarly elliptic equilibria of (3.19) correspond to elliptic periodic solutions of (3.18).

By the conservation law (3.5), p; and p3 in system (3.11) are confined to the triangle

0<p <1 0<p3 <1, 0<p+pm<1.

In system (3.18), this becomes a constraint on the conserved parameter s and the variable J,

—1<h<1; max(—h,0) <J < %
in the case 0 < & < 1. In this case, the phase space is the disk J < %

Due to the higher-order terms H, in equation (3.18), the conservation of & is only
approximate in system (3.18). Formally, one may perform a countable sequence of changes of
variables that transform system (3.18) into completely integrable form. This corresponds to
defining a change of variables as a power series in €. Generally, this power series has radius
of convergence zero, because the full system is not itself integrable, which we can see from
the apparent chaotic dynamics in the numerical solution given in figure 6(c). This suggests
that the solution 6(b) is also very weakly chaotic, but with a much smaller chaotic region and
a longer chaotic timescale.

4. Stability and dynamics near the first excited state: analysis

Just as other studies have begun by focusing on the destabilization of the ground state of the
two-well system via symmetry breaking [4, 6, 7], the goal of this paper is to understand the
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dynamics in the neighborhood of an HH bifurcation. We therefore consider the stability of,
and the dynamics near, the antisymmetric mode U, (x, N), the nonlinear continuation of the
first excited state U, of equation (2.1). In the reduced system (3.10) this is just the dynamics in
the neighborhood of the origin. Future work will include a more thorough description of the
global phase space including all the relative equilibria and relative periodic orbits for small V.

4.1. Relative equilibria of the reduced hamiltonian

We first look for relative equilibria of system (3.10) of the form

o1\ _ (x\ . —ier
(03(,))—(y)e ’

which correspond, ultimately, to standing wave solutions of equation (1.2). This calculation
is well-covered by Kapitula er al [8] who demonstrate the existence of two types. The first
families persist in the N — 0 limit. These correspond to the nonlinear deformations of the
eigenfunctions defined in equation (2.1). The other family of solutions arise due to saddle-node
bifurcations. These bifurcations are shown to take place for N > ¢, whereas we demonstrate
HH bifurcations for N = O(e). It is simple to show [4, 8] that a solution to equation (1.2)
with real potential V (x) are up to a constant phase factor, a real-valued function, as are relative
equilibria of system (3.10). Thus, without loss of generality, we look for stationary solutions
of the form

(R — Q1 + 4 3a1122N)x + 3aisNy + N((ann — 3an)x’ + 3(an; — anms)x’y
+3 (a3 — an2)xy* — Baas —az)y’) =0
3a103Nx + (R + Qo — Q23 + 3a2033N)y + N((a1113 — 3a1203)x° + 3(a1133 — a33)x%y
+3(a1333 — a1223)xy> — (B33 — az33)y’) =0
withx? +y> < landx,y € R.
The simplest solution is
x=y=0, Q= Q) —ann 4.1

which corresponds to an antisymmetric standing wave solution to (1.2), the nonlinear
deformation of the eigenpair (U, 2;) of equation (2.1). There are two other standing-wave
solutions for small N. These satisfy X2+ y2 = 1, so we write x = cos@(N), y = sin6(N).
Taylor expanding 68 (N) and Q2(N) for small N yields two solutions, one with 6 near zero,
corresponding to the nonlinear deformation of the eigenfunction U, and one with 6 near 77 /2,
corresponding to the continuation of the eigenfunction U;. For a complete enumeration of the
relative equilibria of (1.2), see [8].

4.2. Linearization of PDE solutions

Letting (U, 2) be a solution of system (2.4) and consider small time-dependent perturbations
of the form '
u(x, t) = (UE) +r(x, ) +is(x, 1))e 7.

Then, linearizing and letting
(r.5) = (R(), S(x))e"

yields the eigenvalue problem

AR Z 0 —(Q+9 - V@) +NU(x)) (R 42)
s) \Q+ 82 —-V(x) +3NU*(x) s) .
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While future studies will concentrate on analysis of this system in its own right, here we are
interested in comparing the results of numerical stability studies of this system with those
found for the model ODE.

4.3. Linearization of ODE

First, we determine the linear stability of the solution (4.1), the trivial solution to system (3.10).

By inserting the form
(01 (U) _ <F1 )] +iS1(t)>
o3(1)) — \r3(t) +is3(0)

into system (3.10), the linearized equations become

r r

d r3 02 —M_ r3 _

ain _<M+ SN =M n (4.3)
$3 53

where 05 is a 2 x 2 matrix of zeros,

M, = W — e+ (myajn — ann)N myainsN
myasN —W — € + (ax33 + myary)N )’

and my = 2 £ 1. The matrix M (e, 0) has imaginary eigenvalues )Lfl = Fi(Q) — ) =
+i(—W + €) and )L_ifz = +i(Q3 — Q) = £i(W + €). For all N, M(€) is symplectic, i.e.
M = JK where K is symmetric and

_ 02 _I _ M+ 02
J_<I 02> so that K_(02 M_)'

4.4. Analytical criterion for ODE bifurcation

In this section, we compute an analytic condition for a Krein collision in system (3.10). The
Krein signatures associated with the frequencies (€2, — ©21) and +(£2; — ©23) in system (4.3)
are IC(£i(R2; — Q7)) = sign(2) — Q) and L (Fi(23 — 2)) = sign(R3 — ;), implying
by assumption (S1), that their Krein signatures are opposite. Thus, their collision leads to
instability. In fact, the Krein signature can be interpreted as the direction of phase rotation, and
since 2, lies between €2 and 23, the Krein signatures can be determined without performing
this calculation.

Krein collisions occurs at N for which P(); N), the characteristic polynomial of M (e, N),
has multiple roots. As is generic for Hamiltonian systems, P contains only even powers of A.
Letting ¢ = A? defines a quadratic polynomial p(g; N), which has a multiple root at N where
its discriminant vanishes. Defining

v = N/e, “4.4)
the discriminant is

T1(v) = €2(dy(e)v* + ds(e)v + da(€)v? + dy (€)v + dy(€)) = 0, 4.5)
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where

dy = (3ayn — daym + 3anss)? (0%122 — 2axn33ann + 461%223 + a%233)62
dy = 8(ai2 — ans3) (a2 — anxn + a33) (3aing — 4ann + 3ans;)We
—8(3ain — 4an» + 3a033) (aj 1y — 223301122 + 4d1yy; + a3y33)€”
dy = 16(ai12n — a3 — anm + ans3) (@ + ams — anx + ans)W?
—8(an — a33)(Taizn — 8axn + Taxns3)We
+16(at1p, — 2axm33a1122 + 4aiy; + aps)€
dy = 32(anm — an)We — 32(ann — anmn + anys)W?
dy = 16W?.
This is solved numerically or by a perturbation expansion v = vy + O(€) which gives double

eigenvalues at

€
Nkc.+ = +0(e). (4.6)
—dar122 + a3 + a2 — dn233

Thus, there are Krein collisions for small values of €, under the assumption that the denominator
of this equation is bounded away from zero.

4.5. Dynamics of the averaged system H

We are interested in the dynamics near the trivial solution of system (3.10), (o1, 03) = (0, 0),
which we showed in the previous section to destabilize via a semisimple implicit HH
bifurcation.

This fixed point lies on the level set 2 = 0 in the truncated averaged system (3.19), so we
can gain insight into the behavior of solutions to the system near this solution by looking at its
phase space for 7 = 0. There is a slightly different structure for general 4, which is the subject
of ongoing investigation.

First, we define two invariant subspaces: Aqqq is simply the origin in system (3.10),
corresponding to all the energy in system (2.3) being in the mode U, (x). In the reduced system
(3.19), this invariant set only intersects the set # = 0 where it corresponds to the left boundary
J = 0. The second subspace is

Acven = {(a1, 03)|lo1 | + |o3]* = 1}

corresponding to the case where all the energy in system (2.3) is in the two modes with even
symmetry. In the averaged system (3.19), Aeven is simply the right boundary J = 1—;”

Onthe seth = 0, the level set of system (3.19) corresponding to the originin (z;, 23, 21, 23)-
space is

So = {(J, V) |yid 4+ y2J* 4+ y3(2J* — J) cos ¢ = 0}

Y1+ v
= Aoda U {(J, V) cosyy = ———— } :
ys(1—2J)
There exist fixed points on A,qq if the second set contains points with J = 0. At these points,
— —5
cosy = X — (@122 — Az + axn33) v . 4.7)
V3 a3V

These solutions exist if |y;/y3| < 1 and there exist bifurcations when the right-hand side is

+1, 1.e. at
5

VkC = s
Fains + ajxn — ann + axns;
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Figure 3. Gray lines: level sets of 7{1. Black lines: heteroclinic orbits. Heteroclinic orbit and fixed
point Jxo toward left appears for N > 0.445; heteroclinic orbit and fixed point JNg to right for
N > 0.530. Scattered points are Poincaré section {; = 0 of simulations of system (3.10); see
section 5.2.

which recapitulates the Krein collision condition (4.6). For v < vgc, the dynamics is described
by monotonically decreasing angle v (determined from the sign of the numerically calculated
y1) and small oscillations in the amplitude J; see the gray lines in figure 3(a).

For v > vkc, the two hyperbolic fixed points on A,qq are connected by three heteroclinic
orbits: two on A,qg and one with J > 0. These separatrices enclose a region of phase space in

which the solutions lie on closed curves with (J, ¥) oscillating about a nonlinear center with
siny = 0 and

_ 2 (ar122 + a1223 — G20 + a3z — 5/v)
J=Jno =

. 4.8)
—ai1 — 8ain — 4aizz £ 4ains + 4axn — 8axnzz + azszz

The subscript NO stands for nearly-odd, since this solution bifurcates from Ayqq; see
figure 3(b). Whether this equilibrium lies on = 0 or ¢ = m is determined by whether
JNo solves equation (4.7) with cosyy = 1 or —1. In the computations we have performed
¥ = 0 has occurred for s < 0 and ¥ = 7 fors > 0.
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4.5. Additional structure from the averaged system. A similar bifurcation exists involving
Aeven- Two hyperbolic equilibria on Ay, exist at

1 iy —
J==; cosyp = M.
2 V3
These exist only if the right hand side has magnitude less than one which gives a necessary
condition on the amplitude v > vg for their existence, where
5

(4.9)

b = (4.10)

1 1 ‘
1111 — a2 +anss F ainz — an3s + 743333

The dynamics of the averaged system near this structure are exactly analogous to the
dynamics near A,qq described above. For v > vg, equation (4.9), the two saddles are connected
by three heteroclinic orbits, two of them contained in Acyep, and a third one surrounding an
additional elliptic equilibrium with J = Jyg (nearly even) and v = 7w or ¥ = 0; see
figure 3(c).

Remark 6. For i # 0, the structure near Ay, persists: there is a critical amplitude vg(h)
which approaches vg as h — 0, and for v > vg(h), there exist three fixed points and three
heteroclinic orbits. Near Aqq, the behavior is somewhat different as will be explained further
in an upcoming article. These differences do not effect the claims made here.

Note that the equilibria of system (3.19) found in this section correspond to periodic
orbits of equation (3.10) and are not solutions to system (2.4). The averaged system (3.19) is
valid for small values of € and describes the dynamics for small |N| demonstrated numerically
in figure 5. More concretely, the averaged system possesses the bifurcations described by
equation (4.6), but not the other two roots of equation (4.5) that may exist for N = O(1).

The evolution in the averaged system shown in figure 3 appears very similar to that in
[6, figure 8] for a two-well defect. The separatrix that bifurcates from Aqq is a close analog of
the homoclinic origin to the origin in the Hamiltonian pitchfork bifurcation. The equilibria and
separatrix that bifurcate from A.,en, have no analog in their model. The behavior of solutions to
(3.10) closely follows that of the averaged system for small v but demonstrates torus break-up
and chaos for larger values of v, as discussed in section 5.2. This is qualitatively different from
Marzuola and Weinstein, because the system they study is integrable.

5. Stability and dynamics near the first excited state: numerical simulations

In all computations and simulations below, we use the potential depicted in figure 1 with
frequencies {—11.1, —10, —9.1}.

5.1. Bifurcation study: spectrum of linearization

We first consider for what values of € equation (4.6) provides a good approximation to the
critical value Nxc when the eigenvalues satisfy assumption (2.2). We show an example in
figure 4. The potential pictured in figure 1 corresponds to choosing € = —0.1, and the
potential’s shape does not change much as € is varied. This figure shows that for small values
of € the system has Krein collisions at both positive and negative values of N, but that for
larger values of € these collisions may cease to exist for large W. This change in character
occurs for values of € where two roots of the discriminant (4.5) collide and annihilate each
other, i.e. where the discriminant of the discriminant T1(N) vanishes. Next we compare the
bifurcation structure of ODE system (3.10) with that of standing waves of system (1.2). We
convert equation (2.4) to an algebraic equation using a pseudospectral approximation for the
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Figure 4. Stability diagram. Shaded areas: stability domains in (€, N) space for the trivial solution.
Solid lines: locations of Krein collisions. Dashed line: approximate Krein collision curves given
by (4.6). The potential is defined by 2, = —10 with W = 1 and varying €.

Imag()
o
Real(r)

Figure 5. The imaginary and real parts of the discrete eigenvalues of the reduced ODE
(solid) PDE standing wave (dashed). Both show four HH bifurcations, the PDE at N €
{—3.58, —0.44,0.44,4.71}, and the ODE at N € {—3.46, —0.44,0.44, 5.01}.

derivative, which we solve using Matlab’s fsolve command. We then calculate Xppg, the
discrete spectrum of the linearized PDE (4.2), using a pseudospectral approximation. We
compare this with the Xopg, spectrum of the matrix M (e, N) in equation (4.3). Figure 5 shows
excellent agreement between Xppg and Xopg, even for large N.

5.2. ODE and PDE dynamics

In this section we compare numerical simulations of ODE system (3.10) with those of the
nonlinear Schrodinger equation (2.3).

We simulate the (o7, 03) system (3.10) using the Hamiltonian Boundary Value Method
of Brugnano et al [39], a symplectic method that exactly conserves the energy in polynomial
Hamiltonian systems. To compare these numerical solutions to the phase portraits of the
averaged system (3.19), we follow the sequence of changes of variables in section 3.3 to
transform the variables into the action-angle coordinates (J, 1) in equation (3.16). We then
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compute Poincaré sections of (J3, ¥3) on the section ¥; = 0 mod 27, which are compared
with the phase portraits of the system (3.19) in figure 3. For small values of N, the Poincare
sections resemble the level sets of the averaged system, with the agreement decreasing for
larger N, parts (a) and (b). As N is increased and new families of periodic orbits appear in
the averaged system, we find Poincaré sections lying near tori with the same topology, parts
(b)—(d). For larger N, the non-integrability of system (3.10) becomes apparent. We show in
subfigure (c), marked with an arrow, one resonant torus that has broken up into an island chain
with five islands. In subfigure (d), the Poincaré sections no longer follow the trajectories of
system (3.10) well at all.

We next present simulations that demonstrate the dynamics of small perturbations to the
antisymmetric standing wave ué\/ (x) defined in section 1.2, and to compare these solutions of
NLS/GP (2.3) with approximations constructed from solutions to the (o7, 03) system (3.10).
To simulate solutions to (2.3), we use a Matlab code written by T Dohnal. It uses fourth-order
centered differences in space, and an implicit-explicit additive Runge—Kutta method for time
stepping [40] and, most importantly for long-term simulation, uses perfectly matched layers
(PML) to handle the outgoing radiation [41].

For the NLS simulations, we begin with the same values of o; and o3 as above, and
compute o, = p = (1 — 012 — 032)1/ . From these, we construct the initial conditions with
u(x,0) = Z;Zl o;U;(x).We then post-process these PDE simulations to compare them with
ODE system (3.10). First we numerically compute the projections (3.2), giving parameters
c¢;j(t). Dividing c; by the phase of ¢, (¢) give values analogous to o; and p(#). We then repeat
the steps outlined above to obtain variables akin to (J3, ¥3).

Numerical experiments for the five values of N marked in figure 5 are displayed in
figure 6. In all cases the initial conditions used are o1 = 03 = 107>. The first column contains
time series of 1o for numerical solutions to (2.3) and (3.10). The second, a Poincaré section
on vr; = 0mod 27 ; plotted are X = +/J3 cos /3 versus ¥ = /J5 sin 13 for simulations of the
same two systems. The third column contains the amplitude |u(x, ¢)|, reconstructed from a
numerical simulation of system (3.10), computed using (3.1) and (3.8). Column four contains
|u(x, t)| from direct numeral simulation of NLS/GP, equation (2.3).

In the five computations, we see that (a) for small N < Nkc, the solution stays in a
neighborhood of zero and oscillates quasiperiodically. (b) For N slightly greater than Nkc, the
solution undergoes a sequence of homoclinic bursts, where an oscillatory bright spot grows
periodically in the middle well, taking energy from the two outer wells. (¢) For somewhat larger
N, the spacing between the bursts becomes irregular, and the Poincaré section displays a ‘lace
curtain’ structure typical of Hamiltonian chaos, with very similar structure in the ODE and
PDE simulations. (d) For N chosen to maximize the instability, the dynamics is very irregular
and fills the energetically accessible region of phase space. The ODE and PDE simulations
separate exponentially, but display remarkably similar dynamics. (¢) For N sufficiently large,
the trivial solution is again stable. In simulation (d), we are unable to use ¥; as a time-like
variable as in (3.18) because it is non-monotonic; see remark 5. We instead display the Poincaré
section o7 € R.

The equilibrium Jxo of the averaged equation exists for N > Nkc, corresponding to a
periodic orbit of system (3.10). We solve for this periodic orbit numerically, which then can
be used to construct a relative periodic orbit of system (3.4). Using the decomposition (3.1)
with the assumption n = 0, we can approximate a quasiperiodic time-dependent field which
should be shadowed by a solution to (1.1).

This reconstructed field, computed for the parameter value N = 2, is shown in figure 7.
The bright spots move around due to constructive and destructive interference between the three
eigenfunctions. The odd symmetry is broken, as the minimum amplitude location meanders
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Figure 6. Simulations of ODE system (3.10) and PDE system (2.3) with initial condition of the
form (3.1). The rows (a)—(e) correspond to the values of N indicated on figure 5. Column 1: Ro (7).
Column 2: Poincaré section at ¥; = 0 (except row 4, see text) with ODE solutions in blue and
PDE in red. Column 3: |u(¢)| reconstructed from ansatz (3.8) (brighter = higher intensity). Column

4: lu(t)| for computed solution of (2.3).
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Figure 7. The field |urecon (x)|, reconstructed from a periodic solution to (3.10) with N = 2 > Ngc.

around the center line, and a bright spot grows and decays periodically in the center well, a
bright spot that is absent in the antisymmetric defect mode. A future study will look specifically
at the shadowing of this ODE solution by a time-dependent solution to the NLS/GP equation
(1.1).

As the system reaches the second HH bifurcation at N & 4.71 where the trivial solution
regains stability, the periodic orbit does not disappear, nor does the chaotic motion shown
in row (d) of figure 6. Instead, a small region around the origin appears at this amplitude,
on which the solution is regular (quasiperiodic and confined to topological ellipses), and this
region grows as N is further increased. This is confirmed by numerical simulation. Johansson
finds similar Hamiltonian chaos when the parameters in his NLS trimer are in the unstable
domain, as well as KAM-like islands [11].

6. Discussion and conclusions

While many papers, discussed in the introduction, have examined the HH bifurcation and the
onset of oscillatory instabilities in nonlinear wave equations, this is the first we know of to
analyze the nonlinear dynamics that arise. A pair of homoclinic orbits are found in the averaged
equations, which act as skeletons for weakly chaotic dynamics. At stronger nonlinearities,
chaotic orbits seem to fill the entire phase space. New families of relative periodic solutions
are found in the finite dimensional model, showing a time-dependent symmetry breaking.
While the analysis presented is formal, the pieces are in place to make rigorous the
conclusions, as discussed at the end of section 3.1. Kirr et al [4] and Marzuola and Weinstein
[6] first derive finite-dimensional model equations and then prove their validity over long
times. Pelinovsky and Phan [7], in contrast, derive the model equations using normal forms,
which essentially combines the two steps. This normal form does not, however, exploit the
Hamiltonian structure of NLS/GP. Bambusi, in a series of papers, has applied the Hamiltonian
methodology of Birkhoff and Gustavson normal forms directly to NLS/GP and other wave
equations, for example [29-31], proving the accuracy of these normal forms over much longer
(exponential) time scales than the other methods are capable of. This work involves systems
possessing only a discrete spectrum (due to trapping potentials or finite spatial domains), so
that the quadratic part of the Hamiltonian can be written as an infinite series over coefficients
of the eigenfunctions, and the argument of section 3.3 can be generalized straightforwardly.
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These assumptions on the spectrum are also necessary for the applicability of the normal
forms over such long time scales. In [32], Bambusi and Cuccagna apply the method to a
Klein—Gordon equation in three spatial dimensions with a potential that vanishes at infinity,
and so generalize the Birkhoff normal form to systems with a continuous spectrum. This result
applies only for solutions with very small initial data, where the effect of the nonlinearity is not
strong enough for the bifurcations and strongly nonlinear dynamics that we have discussed.
Nonetheless, this is a promising approach for future research.

In the finite dimensional system of approximate equations near a symmetry-breaking
bifurcation, derived in [4, 6], it takes one line of algebra to show the existence of the two
new asymmetric solutions that are born when the bifurcation occurs. In system (3.4), the
analysis is not so simple, and the new solution arising from the bifurcation appears, in its
simplest form, as the equilibrium (4.8) of Hamiltonian system (3.19) that corresponds to a
periodic orbit of system with Hamiltonian (3.6). Proving the existence of this periodic orbit
is a straightforward application of a paper from the late 1980s by Chow and Kim [33] and
will constitute the first step of a planned program to put the results of the present paper on
a more rigorous footing. Beyond that, almost nothing has been proven about the semisimple
indefinite HH bifurcation. One might hope to reproduce some of the many results proven for the
generic case, but because the semisimple case has higher codimension, the analysis should be
harder.

In numerical simulations of this system, we observe Hamiltonian chaotic motion, the
underlying dynamics of which, given by system (3.6) are essentially two degree-of-freedom.
Motion of such a system occurs on level sets of the Hamiltonian H which are three-
dimensional manifolds in the four-dimensional phase space. Invariant tori in this system are
two-dimensional subsets of these manifolds. The KAM theorem (or something very similar,
see [23]) implies that most of these tori persist when 0 < (N —Nkc) < 1. A two-dimensional
torus separates the three-dimensional manifold, so that trajectories cannot cross from one side
of the torus to the other. This implies that solutions starting near the odd-symmetric relative
equilibria must remain near that point. If the linear system (2.1) is assumed to support a fourth
eigenmode, with similar assumptions on the spacing of the eigenvalues, then in this weakly
unstable regime, with six-dimensional phase space, solutions no longer need stay close to
the equilibrium, a process known as Arnol’d diffusion [37]. Further studies are planned to
investigate this possibility.

We have assumed throughout this paper that the potential V (x) enjoys even spatial
symmetry. The HH bifurcation we discussed depends only on assumptions (S1)-(S4) and
not on this symmetry. Lacking such a symmetry, the finite-dimensional model (3.6) and its
relative equilibria given in section 4.1 would be significantly more complicated, and the normal
form for the HH bifurcation might no longer be semisimple. An interesting question would be
to see how the dynamics change in the face of such asymmetry.

Finally, when considered as a model for an optical waveguide, the system studied
here should be straightforward to implement in a laboratory setting. Discussions are
underway to make this happen and will form the basis of an experimental line of
research.
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Appendix. Construction of the linear potential V (x)

Most other studies about the dynamics and stability of nonlinear PDEs with multi-well
potentials have constructed the potential as the sum of several simpler potentials as in equations
(1.3) and (1.4) [4, 6, 7, 5, 8]. This construction provides, very simply, families of potentials
with nearly-multiple eigenvalues, but does not allow the control needed to construct potentials
satisfying the assumptions (S1)-(V3).

Another way to proceed is to use inverse scattering methods to construct a reflectionless
potential with prescribed eigenvalues ; = —/c]z, Jj = 1...n. This process yields a potential
that is unique except for n integrating factors &;, which can be chosen uniquely to makeV (x)
satisfy assumption (V3). The solution is a two-soliton solution of the Korteweg—de Vries
equation [42]. This solution is most easily constructed using the Darboux transformation,
which is very similar to the Bicklund transformation, except that it yields not only the
potential, but also its eigenvectors, which is useful in what follows [43, 44]. When n = 2, the
general formula for this two-soliton is

4(k3 — 17) (k3 cosh 2ici.x + &7 cosh 2krx)
((k1 — k2) cosh (ky + k1)x + (k1 + k2) cosh (ky — Kk2)x)?
with k| > k, > 0. This has (un-normalized) ground state and excited states

Vx) =

(A1)

cosh kpx

U, =
: (k1 — ko) cosh (k1 + Kk2)x + (k1 4+ k) cosh (k] — Kko)x

sinh k1 x

and U, =
(k1 — Kk2) cosh (k2 + k1)x + (k1 + ko) cosh (k] — k2)x

and frequencies Q; = —Kf. When k; = 2 and «; = 1, this potential reduces to the familiar
initial condition for the KdV two-soliton V (x) = —6sech’x with frequencies €2, = —4 and
Q, = —1.Choosing k] = +/1 +€andk, = +/1 — €, with0 < € < 1, the potential (A.1) takes
the form of dual-well potential, very similar to that studied by Kirr ef al, but with closed-form
eigenvalues and eigenfunctions.

The potential V (x) constructed as above with three frequencies and satisfying assumption
(V3) is similar in form to that in (A.l), but with ten terms in the numerator and four
in the denominator. This solution is given in the supplementary materials (available at
stacks.iop.org/JPA/44/425101/mmedia), as well as a Mathematica notebook of its derivation.
As the spacings between the frequencies are chosen to approach zero, the potential V (x)
asymptotically approaches the superposition of three identical potentials with large spacing,
as studied by Kapitula et al [8].
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