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Abstract

We perform an asymptotic analysis of massive point-vortex dynamics in Bose–Einstein con-
densates in the small-mass limit ε → 0. We define two distinguished manifolds in the phase
space of the dynamics. We call the first the kinematic subspace K, whereas the second is an
almost-invariant set S called a “slow manifold.” The orthogonal projection of the massive dy-
namics to K yields the standard massless vortex dynamics or the Kirchhoff equations—also the
0th-order approximation to the massive equation as ε→ 0. Our first main result proves that the
massive dynamics starting O(ε)-close to K remains O(ε)-close to the massless dynamics for short
times. The second main result is the derivation of a normal form for the system’s Hamiltonian
for the two-vortex case; it describes the coupling between motion within S and that transverse
to it. Specifically, we use the Lie transformation perturbation method to derive the first few
terms in a formal expansion for S and demonstrate numerically that fast oscillations due to the
vortices’ mass are suppressed, given initial conditions sufficiently close to S.

1 Introduction

The standard description of vortex motion in superfluids has conventionally treated vortices as
massless topological defects, leading to the familiar point-vortex (or Kirchhoff) equations [51, 55].
However, in many real experimental settings, the cores of quantum vortices in superfluids are actu-
ally filled, either intentionally or unintentionally, by massive particles, so that the vortices acquire
a small but nonzero effective inertial mass. Examples include tracer atoms introduced in super-
fluid liquid helium to visualize vortex lines [10, 38, 65, 70, 88], quasiparticle bound states in both
fermionic [7, 36, 48, 50, 79, 84, 86] and bosonic [86] superfluids even at zero temperature. More-
over, experimental conditions inherently involve non-zero temperatures, leading to the presence of
thermal atoms localized in vortex cores, both in atomic Bose–Einstein condensates (BECs) [37]
and in Fermi superfluids (see Refs. [7, 42, 50, 79] and references therein). Additionally, in two-
component BECs, atoms of one species can become localized within the vortex cores of the other
species [4, 8, 9, 27, 30, 44, 53, 69, 75, 76]. These examples highlight that neglecting vortex mass can
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overlook crucial properties of the dynamics, motivating a shift from the purely massless approxi-
mation to massive point-vortex models [14, 15, 27, 44, 47, 75–77], which are essential for describing
realistic quantum fluids.

In fact, even if the vortex mass is relatively small compared to that of the whole superfluid, it can
significantly alter the dynamics of vortices by introducing non-trivial inertial effects. As a result,
one observes oscillatory phenomena [27, 44, 47, 76, 77] and collisions [78] absent within the purely
massless descriptions. These issues are also central in systems involving multicomponent [6, 89]
or strongly coupled superfluids, where vortex-bound structures can display unusual stability or
instability properties [1, 2, 52, 96]. In fermionic superfluids [40, 48, 62, 84], for instance, inertial
corrections are deeply connected to the presence of the so-called standard component localized
at the vortex core (see the recent Refs. [54, 79] and references therein). Other examples include
vortex–bright-soliton complexes emerging in two-component condensates [1, 45, 53, 80, 81, 93].
Moreover, the influence of vortex mass is expected to be relevant in BECs subject to coherent
couplings [22, 23], dipolar interactions [73], or optical-lattice modulations [3], and for polar-core spin
vortices in ferromagnetic spin-1 BECs [91, 95], underscoring its broad conceptual and experimental
importance.

From a mathematical point of view, the introduction of a small core mass introduces singular
perturbation to the original Kirchhoff equations. In particular, we examine how the small mass
introduced into the system affects the dynamics relative to the massless (Kirchhoff) dynamics,
using techniques from singular perturbation theory [46, 67, 68].

In this paper, we perform an asymptotic analysis of the massive point-vortex system in two-
component BECs, focusing on how the traditional massless description is recovered at zeroth order
and on unveiling the next-order contributions that capture transient inertial features.

Using asymptotic analysis, our results clarify when and how the vortex mass becomes apprecia-
ble and how it affects vortex trajectories. Specifically, we shall identify a subspace K in the phase
space in which the massive dynamics is approximated well by the massless dynamics; hence K is
called the kinematic subspace here in the sense that the massive dynamics (2nd-order system on the
configuration space) approximately behaves like the massless/kinematic system (1st-order system
on the configuration space). Intuitively, this implies that the massive solution starting close to K
stays close to the corresponding massless solution for a certain amount of time. Our first main
result, Theorem 4, is a rigorous proof of this fact.

The mass of the vortices enters the equations as a small non-dimensional parameter ϵ. Solutions
near K typically display fast oscillations of small amplitude. Our second main result is to compute
a normal-form expansion for the Hamiltonian of systems of two massive vortices. This applies when
fast-oscillating components are small. To leading order in ϵ, the dynamics decouples into slow and
fast subsystems, the former equivalent to the massless dynamics and the latter describing the fast
oscillations. Higher-order terms in the expansion couple the two subsystems. We perform this cal-
culation using the Lie transform perturbation method (LTPM), which preserves the Hamiltonian
form of the equations. The LTPM generates a canonical change of variables as a formal series in
ϵ. From this change of variables, we can define, to any order in ϵ, a nearly invariant manifold S
called the slow manifold, on which the fast oscillations are suppressed. The kinematic subspace
may be considered as a zero-order approximation to S. Such manifolds are not typically invari-
ant; exponentially small oscillations arise spontaneously in many systems with a slow manifold.
Nonetheless, we show numerically that by choosing initial conditions close to S we can suppress
the fast oscillations on timescales of interest.
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2 Massive Point Vortex Dynamics

2.1 Lagrangian for N Massive Vortices in Two-Component BEC

We consider a two-component Bose–Einstein Condensate in the immiscible regime, confined in a
quasi-two-dimensional disk trap of radius R, with hard-wall boundary conditions. The majority
component, labeled “a”, hosts N quantized vortices of topological charges {qj ∈ {±1}}Nj=1 while the
minority component, labeled “b”, occupies the vortex cores. The total masses of the two components
are given by Ma := Nama and Mb := Nbmb, where Na and Nb denote the total number of atoms in
each component, and ma and mb are their respective atomic masses. In the absence of component
b, the vortices in component a follow the standard first-order dynamics characteristic of massless
point vortices or the Kirchhoff equations [51, Ch. 7]. However, in the immiscible regime, the
minority component b becomes localized within the vortex cores, effectively endowing the vortices
with mass. Assuming that the total mass Mb is evenly distributed among the N vortices, each
vortex acquires an effective mass of Mb/N [75, 76].

Let rj = (xj , yj) be the position of the j-th vortex, and rj := |rj | = (rj · rj)1/2 be its length.
We shall also use r := (r1, . . . , rN ) for short and similarly ṙ := (ṙ1, . . . , ṙN ), q := (q1, . . . , qN ), etc.
According to Richaud et al. [75, 76], the Lagrangian for the N massive vortices reads

L(r, ṙ) :=
N∑
j=1

(
Mb

2N
ṙ2j + πnaℏqj(ṙj × rj) · ẑ

)
− E(r), (1)

where na is the two-dimensional number density, the cross product a × b of two planar vectors
a,b ∈ R2 are taken by attaching zero as the third components to both, and is seen as a vector in
R2 or R3 depending on the context, ẑ := (0, 0, 1), and E is the energy of the standard (massless)
vortices

E(r) :=
πnaℏ2

ma

N∑
j=1

ln

(
1 −

r2j
R2

)
+
πnaℏ2

ma

∑
1≤j<k≤N

qjqk ln

(
R2 − 2rj · rk + r2j r

2
k/R

2

r2j − 2rj · rk + r2k

)
. (2)

It is useful to express Lagrangian (1) in rescaled non-dimensional variables. We set the disk
radius R as the unit of length, maR

2/ℏ as the unit of time, and πnaℏ2/ma as the unit of energy.
In these natural units, which we adopt henceforth, the Lagrangian takes the form:

L(r, ṙ) :=

N∑
j=1

( ϵ
2
ṙ2j + qj(ṙj × rj) · ẑ

)
− E(r), (3)

where the only effective parameter ϵ is defined as

ϵ :=
Mb/Ma

N
,

and the potential-energy term reads

E(r) :=
N∑
j=1

ln(1 − r2j ) +
∑

1≤j<k≤N

qjqk ln

(
1 − 2rj · rk + r2j r

2
k

|rj − rk|2

)
. (4)

Remark 1. Due to the assumed confining potential, strictly speaking, one must restrict the positions
of the vortices to the open unit disk, i.e.,

rj ∈ B1(0) :=
{
x ∈ R2

∣∣ |x| < 1
}

for 1 ≤ j ≤ N,
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and also have to avoid collision points—those points with ri = rj with i ̸= j—so that the above
energy function E is defined. However, in what follows, we shall ignore these issues for simplicity
unless otherwise stated, because the geometric consideration to follow is simpler to describe by
assuming r ∈ R2N . Alternatively, one may extend the definition of E to the entire R2N by assigning
values to E outside (B1(0))N and collision points. Either way, one may consider the dynamics only
in the subset of R2N in which the original E makes sense.

We are mainly interested in the asymptotic behavior of the massive point vortices in the small-
mass limit, i.e., 0 < ϵ ≪ 1. This regime is particularly relevant from a physical perspective, as
quantum vortices in real superfluid systems are rarely, if ever, truly massless and often have small
masses, as explained in the Introduction.

2.2 Hamiltonian Formulation

Using the Lagrangian (3), the Legendre transformation is defined via the momenta p := (p1, . . . ,pN )
with

pj :=
∂L

∂ṙj
= ϵ ṙj + qj(rj × ẑ), (5)

giving

ṙj =
1

ϵ
(pj − qj(rj × ẑ)) .

Hence, we may define the Hamiltonian

H(r,p) :=
N∑
j=1

pj · ṙj − L(r, ṙ)

=
1

2ϵ

N∑
j=1

(pj − qj(rj × ẑ))2 + E(r)

=
1

2ϵ

N∑
j=1

(
p2j − 2qj(rj × ẑ) · pj + q2j r

2
j

)
+ E(r). (6)

Then Hamilton’s equations

ṙj =
∂H

∂pj
, ṗj = −∂H

∂rj

yield
ϵ ṙj = pj − qj(rj × ẑ), ϵ ṗj = qj(ẑ× pj) − q2j rj − ϵ∇jE(r),

where ∇j stands for ∂/∂rj , i.e., the gradient with respect to rj .
For the sake of brevity, let us define

J :=

[
0 1
−1 0

]
so that Ja = a× ẑ ∀a ∈ R2. (7)

Then we have
ϵ ṙj = pj − qjJrj , ϵ ṗj = −qjJ(pj − qjJrj) − ϵ∇jE(r). (8)

One may eliminate pj from above to obtain the following second-order differential equations

ϵ r̈j + 2qjJ ṙj = −∇jE(r), (9)
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which are nothing but the Euler–Lagrange equations for the Lagrangian L in (3). Clearly, these
systems are singularly perturbed systems when ϵ≪ 1.

The Hamiltonian formulation is beneficial in highlighting the drastic effect of introducing a core
mass. In the massless case, in fact, xj is canonically conjugate to qj yj , i.e., the massless N -vortex
system is a Hamiltonian system with N degrees of freedom (associated to a 2N -dimensional phase
space). However, in the massive case, the system gains 2N independent momenta, doubling the
dimension of the associated phase space to 4N . Despite this increase, the number of conserved
quantities, typically arising from the symmetry properties of the superfluid domain, remains un-
changed. As a result, the introduction of a core mass can break integrability. A clear example
is the two-vortex system in a disk. In the massless limit, there are only two degrees of freedom,
matching the number of conserved quantities (energy and angular momentum) and therefore ensur-
ing integrability [11]. In contrast, the massive case has four degrees of freedom while the number
of conserved quantities remains two. Hence, the system may be chaotic unless hidden invariants
exist. This distinction is particularly relevant for long-time dynamics, where slight differences in
initial conditions, such as identical positions but slightly different velocities, may be exponentially
amplified, leading to drastically different final states.

3 Geometry of the Kinematic Approximation

3.1 The Kinematic Approximation and the Kirchhoff Equation

Taking the limit ϵ→ 0 in (9), one obtains

2qjJ ṙj = −∇jE(r) ⇐⇒


2qj ẋj =

∂E

∂yj
,

2qj ẏj = − ∂E

∂xj
.

(10)

These are nothing but the Kirchhoff equations for massless vortices, and give the natural kinematic
or massless approximation to the massive point vortex equations (9).

According to these equations, each vortex moves with the local superfluid velocity at its position,
determined by the superposition of all velocity fields induced by all the other vortices in the system.
To be more specific, the velocity field generated at a point r by the j-th vortex, located at rj and
having topological charge qj , is v(r) = qj ẑ × (r − rj)/|r − rj |2. Hence, each vortex moves with
the velocity obtained by summing the contributions from all other vortices (except itself), be they
physical vortices or image vortices ensuing from the presence of boundaries. This framework is
well established in classical hydrodynamics, where Euler’s equations describe the evolution of an
inviscid and incompressible fluid [11, 51].

3.2 Kinematic Subspace K

Here, we aim to give a geometric interpretation of the above kinematic approximation in the limit
ϵ→ 0. First notice that taking the limit ϵ→ 0 in (8) gives

pj = qjJrj ⇐⇒
[
ξj
ηj

]
= qj

[
yj
−xj

]
(11)

where we wrote pj = (ξj , ηj). One may interpret the above constraints as the natural kinematic
constraints in the massless limit ϵ → 0 in the definition (5) of the momentum p (or the Legendre
transformation).
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Defining the cotangent bundle—the phase space for the Hamiltonian system (8)—as

T ∗R2N =
{

(r,p) ∈ R2N × R2N
∣∣ p ∈ T ∗

rR2N ∼= R2N
} ∼= R4N ,

the above kinematic constraints (11) give rise to the following kinematic subspace:

K :=
{

(r,p) ∈ T ∗R2N
∣∣ pj = qjJrj for 1 ≤ j ≤ N

}
.

Clearly, K is an 2N -dimensional subspace of T ∗R2N ∼= R4N . One also sees that r = (r1, . . . rN ) ∈
R2N gives coordinates for K via the following map (see Figure 1):

φ : R2N → K; r = (r1, . . . rN ) 7→ φ(r) := (r1, . . . , rN , q1Jr1, . . . , qNJrN ), (12)

and hence also giving the identification

K = φ(R2N ) ∼= R2N .

Figure 1: Subspace K and tangent vectors vj , wj ∈ Tφ(r)K forming a basis {vj , wj}Nj=1 for Tφ(r)K.

Note that, strictly speaking, the tangent vectors in the figure live in tangent spaces of R2N and K
but are drawn in the base spaces for simplicity.

The Jacobian of φ is given by

Dφ(r) =


I 0
0 I
0 Dq

−Dq 0

 with Dq := diag(q1, . . . , qN ).

Thus the tangent vectors ∂
∂xj

and ∂
∂yj

in TrR2N are mapped to the following vectors in Tφ(r)K by

Dφ as follows:

vj := Dφ(r)
∂

∂xj
=

∂

∂xj
− qj

∂

∂ηj
, wj := Dφ(r)

∂

∂yj
=

∂

∂yj
+ qj

∂

∂ξj
, (13)

which are written as tangent vectors in Tφ(r)T
∗R2N = span{ ∂

∂xj
, ∂
∂yj

, ∂
∂ξj
, ∂
∂ηj

}Nj=1; see Figure 1. As

a result, we have the following basis for the tangent space Tφ(r)K:{
vj :=

∂

∂xj
− qj

∂

∂ηj
, wj :=

∂

∂yj
+ qj

∂

∂ξj

}N

j=1

. (14)
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3.3 Geometric Interpretation of the Kinematic Approximation

We shall show that the Kirchhoff equation (10) is a natural Hamiltonian system induced in the
kinematic subspace K ⊂ T ∗R2N by the Hamiltonian system (8) for massive point vortices. To see
this, first note that the standard symplectic form on T ∗R2N is given by

Ω := drj ∧ dpj = dxj ∧ dξj + dyj ∧ dηj , (15)

where d stands for the exterior derivative, and the summation convention is assumed on j; its
matrix representation is the 4N × 4N matrix

J :=

[
0 I
−I 0

]
with I being the 2N×2N identity matrix; so we have Ω(v, w) = vT Jw with all v, w ∈ T(r,p)T

∗R2N ∼=
R4N .

Writing vector field XH on T ∗R2N as

XH = ṙj
∂

∂rj
+ ṗj

∂

∂pj
= ẋj

∂

∂xj
+ ẏj

∂

∂yj
+ ξ̇j

∂

∂ξj
+ η̇j

∂

∂ηj
,

the Hamiltonian system (8) is then equivalent to

iXH
Ω = dH,

where i stands for the interior product (or insertion/contraction) of a vector field with a differential
form. More concretely, one may think of XH and ∇H as column vectors in R4N so that the above
system becomes equivalent to

XT
HJ = (∇H)T ⇐⇒ XH = J∇H.

As a result, we have

XH =
1

ϵ
(pj − qjJrj)

∂

∂rj
−
(

1

ϵ
qjJ(pj − qjJrj) + ∇jE(r)

)
∂

∂pj
(16)

With an abuse of notation, we may change the codomain of φ to T ∗R2N and consider

φ : R2N → T ∗R2N .

Then φ gives an embedding of R2N into T ∗R2N as the subspace K = φ(R2N ). Let us consider the
pull-back of the symplectic form Ω to K ∼= R2N by φ:

ω := φ∗Ω = 2

N∑
j=1

qj dxj ∧ dyj ,

where φ∗ stands for the pull-back by φ, and we did not use the summation convention here; its
matrix representation is

K := (Dφ(r))T JDφ(r) = 2

[
0 Dq

−Dq 0

]
.

Similarly, the pull-back of the Hamiltonian H to K ∼= R2N by φ gives

(φ∗H)(r) = H ◦ φ(r) = E(r),

7



where the last equality follows by using the expression (6) and the kinematic constraints (11)
defining K.

Writing vector field XE on K ∼= R2N as

XE = ṙj
∂

∂rj
= ẋj

∂

∂xj
+ ẏj

∂

∂yj
,

we have a Hamiltonian system defined on R2N as

iXE
ω = dE

in terms of the symplectic form ω and Hamiltonian E naturally induced on R2N as the pull-backs
by φ of Ω and H; see Figure 2. Seeing XE and ∇E as column vectors in R2N , the above system is
equivalent to

XT
E K = (∇E)T ⇐⇒ XE = (KT )−1∇E =

1

2

[
0 Dq

−Dq 0

]
∇E,

noting that q−1
j = qj because qj = ±1; as a result, we have

XE(r) =
qj
2

∂E

∂yj

∂

∂xj
− qj

2

∂E

∂xj

∂

∂yj
, (17)

which is the vector field defined by the Kirchhoff equation (10).

Figure 2: Orthogonally projecting XH—the vector field defining the massive point vortex equa-
tion (8)—from the tangent space of T ∗R2N to the tangent space of K defines vector field P(XH) on
K; this in turn corresponds via φ to vector field XE on R2N defining the Kirchhoff equation (10).

3.4 Best Approximation Property

We shall show that the vector field XE in R2N—more precisely its push-forward φ∗XE on K—is
the best approximation to XH in K in the following sense (see also Figure 2):

Proposition 1. Let g be the standard metric on T ∗R2N , i.e.,

g = dxj ⊗ dxj + dyj ⊗ dyj + dξj ⊗ dξj + dηj ⊗ dηj , (18)

and consider the Hamiltonian vector field XH on T ∗R2N (from (16)) for the massive vortex dy-
namics (8) as well as the Hamiltonian vector field XE on R2N (from (17)) for the massless vortex
dynamics (10). Then the orthogonal projection of XH to the kinematic subspace K is the push-
forward φ∗XE of XE by φ : R2N → K defined in (12).

8



Proof. First note that the basis (14) for Tφ(r)K is an orthogonal basis with respect to the metric g:

g(vi, vj) = δij ∥vj∥2 , g(wi, wj) = δij ∥wj∥2 , g(vi, wj) = 0

with

∥vj∥ := g(vj , vj)
1/2 = (1 + q2j )1/2 =

√
2, ∥wj∥ := g(wj , wj)

1/2 = (1 + q2j )1/2 =
√

2,

because we assume that qj = ±1. We may then define the orthogonal projection

P : Tφ(r)T
∗R2N → Tφ(r)K; V 7→ g(vj , V )

∥vj∥2
vj +

g(wj , V )

∥wj∥2
wj

using the summation convention on j.
Notice that XH(φ(r)), upon imposing the kinematic constraints (11) to the expression (16),

takes the form

XH(φ(r)) = − ∂E

∂xj

∂

∂ξj
− ∂E

∂yj

∂

∂ηj

and thus, using the expressions for vj and wj from (14),

g(vj , XH(φ(r))) = qj
∂E

∂yj
, g(wj , XH(φ(r))) = −qj

∂E

∂xj

Hence, the orthogonal projection of XH(φ(r)) to Tφ(r)K is as follows:

P(XH(φ(r))) =
g(vj , XH(φ(r)))

∥vj∥2
vj +

g(wj , XH(φ(r)))

∥wj∥2
wj

=
qj
2

∂E

∂yj
vj −

qj
2

∂E

∂xj
wj .

Sending this vector field from K to R2N using the correspondence vj ↔ ∂
∂xj

and wj ↔ ∂
∂y j

from (13)

(i.e., the pull-back by φ), we obtain the following vector field on R2N :

qj
2

∂E

∂yj

∂

∂xj
− qj

2

∂E

∂xj

∂

∂yj
,

which is XE(r), defining the Kirchhoff equation (10):

ẋj =
qj
2

∂E

∂yj
, ẏj = −qj

2

∂E

∂xj
,

where we again note that q−1
j = qj because qj = ±1.

We note that the above proposition is reminiscent of the so-called variational approximation
or the Dirac–Frenkel–McLachlan variational principle [29, 35, 49, 60, 61, 63] that is often used in
approximations of quantum dynamics.
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3.5 Numerical Results: Massless vs. Massive near K

Consider the vortex dipole case with the following parameters and initial conditions:

N = 2, q1 = −1, q2 = 1, ϵ = 0.01,

r1(0) = (x1(0), y1(0)) = (0.6, 0.2), r2(0) = (x2(0), y2(0)) = (−0.3,−0.4),

p1(0) = q1Jr1(0) = (−0.2, 0.6), p2(0) = q2Jr2(0) = (−0.4, 0.3).

(19)

Notice that pj(0) = qjJrj(0) so that (r(0),p(0)) is in the kinematic subspace K.
Figure 3 compares the massless solution of the Kirchhoff equation (10) with the massive solution

of (8). We observe that the massless and massive solutions are very close to each other, though
they slowly diverge.

20 40 60 80 100

-0.6

-0.4

-0.2

0.2

0.4

0.6

(a) x-coordinate of vortex 1

-0.6 -0.4 -0.2 0.2 0.4 0.6

-0.6

-0.4

-0.2

0.2

0.4

0.6

(b) trajectories of vortices on (x, y)-plane

Figure 3: Massless and massive numerical time series of vortex 1 with parameters and initial
conditions from (19) satisfying (r(0),p(0)) ∈ K.

3.6 Noether Invariants

The Hamiltonian (6) has the SO(2)-symmetry: For every planar rotation matrix R ∈ SO(2),

H(Rr1, . . . ,RrN ,Rp1, . . . ,RpN ) = H(r1, . . . , rN ,p1, . . . ,pN ).

The corresponding Noether invariant is the angular momentum

ℓ(r,p) :=

N∑
j=1

(rj × pj) · ẑ =

N∑
j=1

(rj × ẑ) · pj =

N∑
j=1

(Jrj) · pj

Its pull-back by φ (see (12)) gives

I(r) := (φ∗ℓ)(r) = ℓ ◦ φ(r) =

N∑
j=1

(Jrj) · (qjJrj) =

N∑
j=1

qj r
2
j , (20)

and this is the Noether invariant—the so-called angular impulse—of the Kirchhoff equation (10)
corresponding to the SO(2)-symmetry.
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Quantity (20) is closely related to the third component of the expectation value of the angular
momentum of theN -vortex superfluid system, given in dimensionful units by Lz,a = πℏna

∑N
j=1(R

2−
qjr

2
j ), and in dimensionless units by Lz,a =

∑N
j=1(1 − qjr

2
j ). The angular impulse I from above

differs from this expression only by inessential additive and multiplicative constants. This formula
can be derived by computing the expectation value Lz,a = ⟨ψa|L̂z|ψa⟩ of the angular-momentum
operator L̂z with respect to a suitably chosen trial wavefunction ψa capturing the main features of
the state of component-a BEC or of another quantum fluid (see Ref. [14] for further details). We
note, in this regard, that the Lagrangian (3) is defined up to a total time derivative, allowing for
different choices that lead to slight variations in the form of invariant (20). However, among these
possible variations, differing only by additive and/or multiplicative constants, only one corresponds
directly to the physically meaningful angular momentum of the system.

1 2 3 4 5

-0.156

-0.154

-0.152

-0.150

-0.148

Figure 4: Time evolution of angular impulse I (see (20)) along massless solution r(0)(t) and massive
solution r(t) with parameters and initial conditions from (19) satisfying (r(0),p(0)) ∈ K.

Figure 4 shows the time evolution of the angular impulse I from (20) along both the massless
solution r(0)(t) and the massive solution r(t) with parameters and initial conditions from (19)
satisfying (r(0),p(0)) ∈ K. Although I is not an invariant of the massive equations (8), we see
that I(r(t)) is nearly conserved, oscillating near the actual conserved quantity I(r(0)(t)). This
result suggests that the invariant I of the massless system nearly persists for the massive system
when the massive solution stays close to K when ϵ ≪ 1. Observe that this figure is plotted over a
short time interval compared with fig. 3; the impulse varies on two time scales, with oscillations of
similar amplitude on both.

4 Averaging and Approximation by Massless Solutions

In this section, we relate the massive system to the massless system via the method of averaging.
Specifically, we consider the periodic averaging of the massive system (8) and show, in Proposition 2
and Corollary 3, that the averaged system is approximately the massless system (10). This leads to
our first main result, Theorem 4, that the massive system starting O(ϵ)-close to K is approximated
by the corresponding massless system with O(ϵ) error.
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4.1 Massive System in Fast Time

To facilitate the averaging procedure to be discussed in this section, let us first rewrite the massive
system (8) as

ϵ
dzj
dt

= Ajzj + ϵ fj(z) for 1 ≤ j ≤ N,

where we defined

zj :=

[
rj
pj

]
, Aj :=

[
−qjJ I
−I −qjJ

]
, and fj(z) :=

[
0

−∇jE(r)

]
. (21)

Furthermore, setting

z :=

z1...
zN

 , A :=

A1 0
. . .

0 AN

 , and f(z) :=

 f1(z)
...

fN (z)

 ,
we have

ϵ
d

dt
z(t) = A z(t) + ϵ f(z(t)). (22)

Using the fast time

T :=
t

ϵ
,

we have

d

dT
z(ϵT ) = A z(ϵT ) + ϵ f(z(ϵT )) ⇐⇒ d

dT

(
e−TA z(ϵT )

)
= ϵ e−TA f(z(ϵT )).

Setting

w(T ) =

w1(T )
...

wN (T )

 := e−TA z(ϵT ) =

 e
−TA1z1(ϵT )

...
e−TANzN (ϵT )

 , (23)

and

F(w, T ) =

F1(w, T )
...

FN (w, T )

 := e−TA f
(
eTAw

)
=

 e
−TA1f1

(
eTAw

)
...

e−TAN fN
(
eTAw

)
 , (24)

we have the following massive system in the fast time T :

dw

dT
= ϵF(w(T ), T ). (25)

Such changes of variables are called van der Pol transformations.

4.2 Averaging and Massless System

Notice that e−2πAj = I for every j ∈ {1, . . . , N}, and thus T 7→ F(w, T ) is 2π-periodic:

F(w, T + 2π) = F(w, T ).

The standard periodic averaging theory (see, e.g., [82, Chapter 2]) applied to this system tells us
the following: Define the 2π-average of F

F(x) :=
1

2π

∫ 2π

0
F(x, τ) dτ =

1

2π

∫ 2π

0
e−τA f

(
eτAx

)
dτ, (26)
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and consider the averaged system
dx

dT
= ϵF(x).

Then, under certain conditions, one has ∥w(T ) − x(T )∥ = O(ϵ); see, e.g., [82, Theorem 2.8.1].
One might expect that the above averaged system is essentially the massless system. However,

it turns out that the massless vector field is given by the following slightly different averaged system:

G(w) :=
1

2π

∫ 2π

0
e−τA f(w) dτ. (27)

To see this, let j ∈ {1, . . . , N} be arbitrary and first observe that simple calculations yield

Mj :=
1

2π

∫ 2π

0
e−Ajτdτ =

1

2

[
I −qjJ
qjJ I

]
,

and so the j-th block of G is given by

Gj(w) = Mj fj(w) =
1

2

[
I −qjJ
qjJ I

] [
0

−∇jE(r)

]
=

1

2

[
qjJ ∇jE(r)
−∇jE(r)

]
,

where we write

wj =

[
rj

qjJ rj

]
for 1 ≤ j ≤ N.

Notice that then w ∈ K. Then we have the following system evolving in K:

d

dT
w = ϵG(w), (28)

which is equivalent to the massless equations (10): For every j ∈ {1, . . . , N},

d

dT
wj = ϵGj(w) ⇐⇒ d

dt
wj = Gj(w) ⇐⇒ ṙj =

qj
2
J ∇jE(r). (29)

4.3 Averaged Massive System and Massless System

Despite the (slight) difference between the periodic average F of vector field F and the vector field
G for the massless equations, it turns out that G is also effectively the periodic average of F,
assuming the following:

Assumptions.

(i) Solutions T 7→ w(T ) to (25) are contained in some subset of T ∗R2N (more precisely T ∗(B1(0))N )
on which w 7→ F(w, T ) and w 7→ F(w) are Lipschitz.

(ii) Massless solution t 7→ r(t) to (29) is contained in a closed set D ⊂ (B1(0))N excluding the
inter-vortex collision points rj = rk for j ̸= k as well as vortex-wall collision points rj = 1
for every j (see the definition (4) of the potential energy E); particularly, this implies that
w 7→ G(w) is Lipschitz.

In what follows, we shall also use the Euclidean norm (2-norm) ∥ · ∥ and its associated operator
norm.
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Proposition 2 (Averaged massive system is approximately massless). Let T 7→ w(T ) and T 7→
w(T ) be the solutions of (25) and (28), respectively, with initial conditions

w(0) = w(0) ∈ K,

and suppose that both solutions satisfy the above assumptions for every T ∈ [0, t1/ϵ] with some
constant t1 > 0. Then, we have

∥w(T ) −w(T )∥ ≤ ϵ c1 e
λ1t1 ∀T ∈ [0, t1/ϵ]

for some constants c1, λ1 > 0.

Proof. From (25) and (28) and the initial conditions, we have

w(T ) −w(T ) = ϵ

∫ T

0
(F(w(τ), τ) −G(w(τ))) dτ.

However, notice that, since w(τ) ∈ K, we have

Ajwj(τ) =

[
−qjJ I
−I −qjJ

][
rj(τ)

qjJ rj(τ)

]
= 0 =⇒ eτAjwj(τ) = wj(τ),

and thus eτAw(τ) = w(τ); hence we have

G(w(τ)) =
1

2π

∫ 2π

0
e−τA f(w(τ)) dτ

=
1

2π

∫ 2π

0
e−τA f

(
eτAw(τ)

)
dτ

= F(w(τ)).

Therefore, we have

F(w(τ), τ) −G(w(τ)) = F(w(τ), τ) − F(w(τ))

= F(w(τ), τ) − F(w(τ), τ) + F(w(τ), τ) − F(w(τ)),

and so

∥w(T ) −w(T )∥ ≤ ϵ

∫ T

0
∥F(w(τ), τ) − F(w(τ), τ)∥ dτ + ϵ

∥∥∥∥∫ T

0

(
F(w(τ), τ) − F(w(τ))

)
dτ

∥∥∥∥ .
For the first term on the right-hand side, the assumptions imply that w 7→ F(w, τ) is Lipschitz,

i.e., there exists λ1 > 0 such that

∥F(w(τ), τ) − F(w(τ), τ)∥ ≤ λ1 ∥w(τ) −w(τ)∥ ∀τ ∈ [0, T ].

For the second term, one can show (see the Appendix) that there exists c1 > 0 such that∥∥∥∥∫ T

0

(
F(w(τ), τ) − F(w(τ))

)
dτ

∥∥∥∥ ≤ c1 ∀T ∈ [0, t1/ϵ]. (30)

Therefore, we have

∥w(T ) −w(T )∥ ≤ ϵ λ1

∫ T

0
∥w(τ) −w(τ)∥ dτ + ϵ c1,

and so Gronwall’s inequality [39] yields

∥w(T ) −w(T )∥ ≤ ϵ c1 e
ϵ λ1T = ϵ c1 e

λ1t1 .
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One can slightly generalize the above as follows:

Corollary 3. Under the same assumptions from Proposition 2 except that the initial conditions
satisfy

∥w(0) −w(0)∥ = O(ϵ) with w(0) ∈ K,
we have

∥w(T ) −w(T )∥ ≤ ϵ c2 e
λ1t1 ∀T ∈ [0, t1/ϵ].

for some constants c2, λ1 > 0.

Proof. We now have

w(T ) −w(T ) = w(0) −w(0) + ϵ

∫ T

0
(F(w(τ), τ) −G(w(τ))) dτ.

However, by assumption, there exists c̃2 > 0 such that ∥w(0) −w(0)∥ ≤ c̃2 ϵ, whereas the same
argument as above applies to the integral term. Therefore,

∥w(T ) −w(T )∥ ≤ ϵ λ1

∫ T

0
∥w(τ) −w(τ)∥ dτ + ϵ (c1 + c̃2),

Setting c2 := c1 + c̃2, Gronwall’s inequality [39] again yields the desired result.

4.4 Approximation of Massive System by Massless System

Using the above proposition, one can approximate solutions of the massive system (22) with z(0)
being O(ϵ)-close to K by corresponding massless solutions:

Theorem 4 (Approximation of massive system by massless system). Consider the solution t 7→ z(t)
of the massive system (22) (or (8)) for 0 ≤ t ≤ t1 with some t1 > 0 with initial condition satisfying

∥z(0) −w(0)∥ = O(ϵ) for some w(0) ∈ K,

where

wj(0) =

[
rj(0)

qjJrj(0)

]
for 1 ≤ j ≤ N.

Define T 7→ w(T ) by
w(T ) := e−TA z(ϵT ), (31)

as well as T 7→ w(T ) by

wj(T ) :=

[
rj(ϵT )

qjJrj(ϵT )

]
for 1 ≤ j ≤ N,

where t 7→ r(t) is the solution to the massless system (10) with the initial point r(0).
Then, assuming that w and w satisfy the same assumptions from Corollary 3, the massless

solution

t 7→ w(t/ϵ) with wj(t/ϵ) =

[
rj(t)

qjJrj(t)

]
approximates the massive solution t 7→ z(t) of (22) as follows:

∥z(t) −w(t)∥ ≤ ϵ c2 e
λ1t1 ∀t ∈ [0, t1],

where the constants c2, λ1 > 0 are the same ones from Corollary 3.
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Proof. Rewriting (31) in the original time variable t = ϵ T , we have

z(t) = etA/ϵw(t/ϵ),

and so, for every t ∈ [0, t1],

∥z(t) −w(t)∥ =
∥∥∥etA/ϵw(t/ϵ) −w(t/ϵ)

∥∥∥
=
∥∥∥etA/ϵ(w(t/ϵ) −w(t/ϵ))

∥∥∥
≤ ∥w(t/ϵ) −w(t/ϵ)∥
≤ ϵ c2 e

λ1t1 ,

where the second line follows because etA/ϵw(t/ϵ) = w(t/ϵ) due to Aw(t/ϵ) = 0; the third line
follows from

∥∥etA/ϵ
∥∥ = 1 due to A being skew-symmetric; the fourth line follows from Corollary 3

noting that w(0) = z(0) and hence ∥w(0) −w(0)∥ = O(ϵ).

5 Slow Manifolds and Normal Forms

In the kinematic approximation, ϵ = 0, and the solution remains on the kinematic subspace for
all time. When ϵ ≪ 1 is nonzero, the kinematic subspace is not invariant under the flow, but
our numerical experiments and averaging result indicate that the solutions starting close to the
subspace K remain close to it for a significant time and that deviations from K take the form of
fast oscillations.

A natural question to ask is whether there exists an invariant manifold near K on which the
fast oscillations are entirely suppressed; this is called a slow manifold S. As a motivating system,
consider an ODE system of the form

ż = f(z, w);

ϵẇ = g(z, w)
(32)

for z ∈ Rn, w ∈ Rm, and sufficiently smooth functions f and g. Formally, the z coordinates evolve
on a slow O(1) timescale, while the w coordinates evolve on a time scale of O(ϵ−1). Consider first
the kinematic limit ϵ = 0. In a neighborhood of a point (z0, w0) at which the matrix of partial
derivatives ∂g

∂w is nonsingular, the implicit function theorem guarantees that we may solve the
second equation in the form

w = W (z). (33)

Solutions confined to this neighborhood obey the kinematic dynamics

ż = f(z,W (z)),

which evolves on the O(1) timescale.
The behavior of the system for small nonzero ϵ is of longstanding and continued interest. The

question is whether there exists a manifold on which the dynamics of w are “slaved” to those of z
and so evolve only on the slow time scale. When ϵ > 0, we may try to solve for w as a function of z as
a formal power series in ϵ, letting Sj define the sequence of O(ϵj) truncations of this series. Then S
is the formal limit of this sequence. In similar problems, the answer is often that, while we may find
an asymptotic expansion of S to arbitrary order in perturbation theory, the constructed manifold
is not invariant: transverse oscillations will inevitably arise. We briefly discuss the history of this
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problem and the mathematical reasons for this non-invariance in the concluding Section 6. The
slow manifold, while not invariant for all times, is approximately invariant, and can be considered as
an ϵ-dependent correction to K. Despite its non-invariance, it provides an improved approximation
to the dynamics over the kinematic approximation.

We derive a normal form expansion for the dynamics in a neighborhood of S using the Lie trans-
form perturbation method, which can be thought of as a form of averaging. This procedure also
generates an approximate expression for S itself. Averaging theorems are typically proved by con-
structing an appropriate near-identity change of variables so that the equations in the transformed
coordinates yield simplified equations with rapidly oscillating terms removed. The Lie transform
method constructs such a change of variables that is formally canonical, thereby preserving the
Hamiltonian form of the equations.

5.1 Further changes of variables

To prepare the ground for the normal-form calculation, we introduce new coordinates which separate
fast motions along the manifold K from slower motions transverse to it. The kinematic subspace
is defined as the solution to

pj = qjJrj .

Guided by this, we define new coordinates

Rj =

(
Xj

Yj

)
=

1

2
(rj − qjJpj) ;

Pj =

(
Uj

Vj

)
=

1

2
(pj − qjJrj) .

(34)

The Pj coordinates vanish in the kinematic subspace K, and thus describe motions transverse to it,
while the Rj coordinates describe motions within K. In these coordinates, the symplectic form (15)
is written as

Ω = 2qj(dXj ∧ dYj − dUj ∧ dVj) (35)

and the Hamiltonian (6) takes the form

H(R,P) = H0(P, ϵ) + E (R + JP) , (36)

where

J =


q1J

q2J
. . .

qNJ

 (37)

is a (2N) × (2N) matrix and hence r = R + JP, and

H0(P, ϵ) :=
2

ϵ

N∑
j=1

(
U2
j + V 2

j

)
. (38)

Since we assume ∥P∥ ≪ 1, we expand the vortex-interaction energy as

E(R + JP) =

∞∑
k=0

Ek(R,P;q), (39)
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where Ek(R,P) is a homogeneous polynomial of degree k in the components of P with coefficients
that depend nonlinearly on R. The leading term is just

E0(R,P;q) = E(R). (40)

Considering only the two leading terms of the Hamiltonian (36), i.e., H0(P, ϵ) + E(R), the
dynamics is decoupled into a fast motion in P and a slow motion of R in the kinematic subspace,
which is identical to the evolution of massless vortices. The higher-order terms, of course, couple
these motions.

A final transformation to complex coordinates greatly simplifies the remaining computation.
Define

Zj = Xj + iYj and Wj = Uj + iVj . (41)

In these variables, the symplectic form is written

Ω = iqj
(
dZj ∧ dZ̄j − dWj ∧ dW̄j

)
, (42)

where overbars denote complex conjugates, and the “fast” term in the Hamiltonian is

H0(W, ϵ) =
2

ϵ

N∑
j=1

|Wj |2. (43)

The further terms are defined as

Hk(Z,W;q) := Ek−1(Z,W;q), (44)

where the terms are the right are defined in Eq. (39), and we note that H1 = H1(Z; q) is independent
of W.

5.2 Specialization to two-vortex systems

The normal form computation depends on the null space of a certain linear oscillator that appears
in the calculation. The null space, in turn, depends on the dimension of the system and the
topological charges of the vortices. From here on, we restrict our attention to two systems of N = 2
vortices, namely equal co-rotating vortices with q1 = q2 = 1 and counter-rotating vortices with
−q1 = q2 = 1.

In complex coordinates, the next three terms in series (44) are

H1 = E(Z) = log
(

1 − |Z1|2
)

+ log
(

1 − |Z2|2
)

+ q1q2 log

∣∣1 − Z1Z̄2

∣∣2
|Z1 − Z2|2

, (45a)

H2 =

 q1Z̄1

1 − |Z1|2
+

q2

(
1 − |Z1|2

)
(Z1 − Z2)(1 − Z1Z̄2)

 iW1 +

 q2Z̄2

1 − |Z2|2
−

q1

(
1 − |Z2|2

)
(Z1 − Z2)(1 − Z̄1Z2)

 iW2 + c.c.,

(45b)
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and

H3 = − |W1|2(
1 − |Z1|2

)2 − |W2|2(
1 − |Z2|2

)2 +

(
W1W2

(Z1 − Z2)
2 − W̄1W2(

1 − Z̄1Z2

)2 + c.c.

)

+
W 2

1

2

 Z̄2
1(

1 − |Z1|2
)2 −

q1q2

(
1 − |Z2|2

)2 (
1 + |Z2|2 − 2Z1Z̄2

)
(Z1 − Z2)

2 (1 − Z1Z̄2

)2
+ c.c.

+
W 2

2

2

 Z̄2
2(

1 − |Z2|2
)2 −

q1q2

(
1 − |Z1|2

)2 (
1 + |Z1|2 − 2Z̄1Z2

)
(Z1 − Z2)

2 (1 − Z̄1Z2

)2
+ c.c..

(45c)

The abbreviation c.c. stands for the complex conjugate in the expressions for H2 and H3, the latter
of which contains ten monomials when the conjugate terms are included. The series (44) is almost
a power series in the W coordinates: H0(W, ϵ) is quadratic in W but the factor of ϵ−1 makes it
(formally) large; beginning with H1, the term Hk is a homogeneous polynomial of order (k − 1) in
the W components with Z-dependent coefficients.

5.3 Hamiltonian normal forms

We assume that there exists an invariant manifold near the kinematic subspace K on which Wj

remains small, and its fast dynamics are suppressed. Our goal now is to construct a symplectic
transformation to a new coordinate system in which the asymptotic expansion of the slow manifold
is parameterized and the evolution equations are simplified.

Given a Hamiltonian H(x, ϵ) and a canonical transformation x = X (y, ϵ), we let G(y, ϵ) =
H(X (y, ϵ), ϵ) represent the Hamilton in the new coordinates. The change of variables X (y, ϵ) that
is defined below in Eq. (55) depends on a function S(x, ϵ) called the Lie transform generating
function. To emphasize that the change of variables is constructed using S, G is called the Lie
transform of H with respect to S and is written G = LSH; see Eq. (56).

The purpose of the Lie transform perturbation algorithm is to formally construct a canonical
change of variables x = X (y, ϵ) that converts a Hamiltonian of the form

H(x) = H∗(x) =
∞∑
j=0

Hj(x) (46)

to the normal-form Hamiltonian

G(y) = H∗(y) =

∞∑
j=0

Hj(y). (47)

In what follows, x = (Z,W) as defined in Eq. (41), and the “new” variables are denoted by
y = (Z,W).

The Hamiltonian is in normal form if it is maximally simplified with respect to a criterion that
we will define below. In practice, one must truncate the expansions of the two Hamiltonians to
some finite order. In that case, the transformation is canonical up to that order but may introduce
a small “non-canonicality” of higher order into the transformation. Because X (y, ϵ) is canonical,
the symplectic form in the new coordinates takes the same form as in the original coordinates.
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5.4 A preview of the results

We first present the results of the calculation, to allow the reader to see the benefit of the calculation
before (or instead of) immersing themselves in its details. We first show the leading terms in the
normal form Hamiltonian and then formulas for the leading nonzero terms in the slow manifold.

5.4.1 Preview of the normal-form Hamiltonian

Given the Hamiltonian H∗(Z,W) whose leading terms are given by Equations (43) and (45), the
two leading-order terms in the transformed Hamiltonian (47) are unchanged except for changing
the variable names:

H0(Z,W) = H0(W, ϵ) and H1(Z,W) = H1(Z) = E(Z).

The following two terms simplify considerably. Regardless of the choice of topological charges q1
and q2,

H2(Z,W) ≡ 0. (48)

Similarly, all terms H2j in the series for the normal form Hamiltonian vanish, i.e., those containing
monomials WαW̄β where |α|+ |β| is odd, using the multi-index notation defined in Eq. (61). Thus,
the normal form Hamiltonian depends only on even powers of |W|.

The form of further terms in the expansion depends on the values chosen for the topological
charges qj . In the case of co-rotating vortices q1 = q2 = 1,

H3
equal = − |W1|2(

1 − |Z1|2
)2 − |W2|2(

1 − |Z2|2
)2 − W1W̄2(

1 −Z1Z̄2

)2 − W̄1W2(
1 − Z̄1Z2

)2 , (49)

while in the oppositely-rotating case −q1 = q2 = 1,

H3
opposite =

|W1|2(
1 − |Z1|2

)2 − |W2|2(
1 − |Z2|2

)2 +
W1W2

(Z1 −Z2)
2 +

W̄1W̄2(
Z̄1 − Z̄2

)2 . (50)

Nonzero higher-order terms in the normal-form series for H∗ depend only on products of the
four monomials in W and W̄ that appear in the corresponding expression for H3. While the terms
appearing in H3

equal and H3
opposite are subsets of those appearing in H3, this may not be true for

higher-order terms. The perturbation procedure, while simplifying the system at a given order,
may introduce additional terms at higher order, but these must satisfy the simplicity conditions
defining the normal form.

5.4.2 Preview of the slow manifold expansion

The particular form of the slow manifold also depends on our choice of the topological charges qj .
In the corotating case q1 = q2 = 1,

W1 =
iϵ

2
· −Z1Z2Z̄

2
1 + 2Z1Z2Z̄2Z̄1 − Z1Z̄2 − Z2Z̄2 + 1(

Z1Z̄1 − 1
) (
Z2Z̄1 − 1

) (
Z̄1 − Z̄2

) +O(ϵ2);

W2 =
iϵ

2
· Z1Z2Z̄

2
2 − 2Z1Z2Z̄1Z̄2 + Z1Z̄1 + Z2Z̄1 − 1(
Z̄1 − Z̄2

) (
Z1Z̄2 − 1

) (
Z2Z̄2 − 1

) +O(ϵ2).

(51)
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Ignoring the O(ϵ2) truncation error, this defines the approximation S1 to the slow manifold; ignoring
the terms of O(ϵ) gives back W = 0, i.e., the kinematic subspace K corresponds to S0, the zeroth-
order approximation to the slow manifold.

In the counter-rotating case −q1 = q2 = 1, the leading-order terms in the slow manifold expan-
sion are

W1 =
iϵ

2
· Z1Z2Z̄

2
1 − 2Z1Z̄1 + Z1Z̄2 − Z2Z̄2 + 1(

Z1Z̄1 − 1
) (
Z2Z̄1 − 1

) (
Z̄1 − Z̄2

) +O(ϵ2);

W2 =
iϵ

2
· Z1Z2Z̄

2
2 − 2Z2Z̄2 − Z1Z̄1 + Z2Z̄1 + 1(

Z̄1 − Z̄2

) (
Z1Z̄2 − 1

) (
Z2Z̄2 − 1

) +O(ϵ2).

(52)

Ignoring the O(ϵ2) truncation error, this defines the approximation S1 to the slow manifold.

5.4.3 Some conclusions

These formulas tell us a few things right away. Because i
dWj

dt = ∂H∗

∂W̄j
and the normal-form expansion

of H∗ contains no terms linear in W̄j , then

dWj

dt

∣∣∣∣
W=0

= 0,

and the subspace W = 0 is invariant under the normal-form dynamics. Since the normal form
Hamiltonian on the invariant manifold W = 0 is equivalent to the massless dynamics, the solutions
confined to this subspace evolve according to the same equations as massless vortices. Any change
in the slow dynamics due to a nonzero mass, therefore, must arise due to the change of variables
from (Z,W) to (Z,W) coordinates. However, if W is small and nonzero, H3 and subsequent terms
couple the dynamics of the Z coordinates with those of the W coordinates.

Previous work on systems with slow manifolds complicates these conclusions, which we will
discuss in the final section and in follow-up work. Our assumption that a slow manifold exists
and is approximately invariant can often be made rigorous only for finite times. Terms beyond all
algebraic orders in expansion (47) can eventually cause the solution to leave a neighborhood of the
slow manifold and may lead to chaotic dynamics [16, 92].

5.5 The Lie Transform Perturbation Algorithm

We outline the main ideas underlying the Lie transform perturbation algorithm and its implemen-
tation. The algorithm was introduced in the 1960s, with significant contributions from Deprit,
Henrard, and Hori [28, 41, 43]. Two readable accounts of the theory underlying this algorithm, as
well as its implementation, are the textbook of Meyer et al. and the documentation for a software
package for computing normal forms by Collins et al. [25, 64].

The algorithm generates a pair of formal power series in the W variables with Z-dependent
coefficients. The first describes the change of variables used to define this slow manifold, and the
second describes the normal form Hamiltonian governing the dynamics in a neighborhood of this
manifold. By ‘formal power series,’ we mean that we do not consider the series’s convergence. In
fact, such series generally diverge, so that any information about the dynamics must come from
truncating the series at some finite order. This reflects the fact that while a genuine invariant
manifold does not exist, we may construct a manifold to which solutions remain close for a long
but finite time. By computing the approximate manifold to higher order, we can further decrease
the distance between the manifold and the evolving solutions.
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In a manner similar to the averaged equations described in Section 4.3, the normal form Hamil-
tonian is useful because it is, “simpler” than the original Hamiltonian. Here, “simple” has a precise
meaning given by Eqs. (53) and (54) and the paragraph following them. For a fuller technical
definition, we refer to [64, Theorem 10.1.1].

The algorithm proceeds as follows. Assume that the leading term in the Hamiltonian series is
quadratic in x, so that the leading-order dynamics satisfies the Hamiltonian linear system

ẋ = J∇H0(x) = Ax.

Then, under the assumption that A is diagonalizable, the transformed Hamiltonian can be con-
structed such that

Hj
(
eAty

)
= Hj(y). (53)

This is equivalent to the statement that
{
Hj , H0

}
= 0. Defining the adjoint operator adH0 f :=

{H0, f}, we may write this as
adH0 H

j = 0. (54)

These two equations provide a mathematical definition of “simplicity,” but it may be less clear
how this makes the equations simpler to study. What does that mean here? Looking at Eq. (45),
the term Hj is a homogeneous polynomial of degree j − 1 in the W variables with Z-dependent
coefficients. There exist

(
j+3
3

)
degree-j monomials in four variables (i.e., W1, W2, W̄1, and W̄2),

so Hj is a sum containing as many as
(
j+2
3

)
terms. This is proven using the “stars and bars”

argument [12, 94]. You may confirm that the three polynomials shown in Eq. (45) are sums of(
3
3

)
= 1,

(
4
3

)
= 4 and

(
5
3

)
= 10. By contrast, we will see that the normal form polynomials vanish

identically when j is even, and that when j = 2l−1 is odd, Hj is the sum of at most l2 monomials.
Indeed we see that the polynomials (49) and (50) each contain four terms. For large values of j,
the number of monomials in Hj grows cubically, while the number grows quadratically for Hj .
Therefore, the normal form is simpler than the original in that Hj contains fewer terms than Hj ,
and in fact vanishes identically when j is even.

The theorem generalizes when A is not diagonal.
We outline the method here, but omit details for brevity, retaining only enough for the reader

to see why certain terms are included in the normal form and others are not; for the full details,
consult the references [25, 64]. The method is based on the observation that any symplectic near-
identity transformation x = X (y, ϵ) must correspond to the solution of (possibly nonautonomous)
Hamiltonian initial value problem

dx

dϵ
= S(x, ϵ); x(0) = y. (55)

The function S(x, ϵ) is called the Lie transform generating function or simply the generating func-
tion. By implementing the algorithm, we construct the generating function as a formal power series
expansion

S(x, ϵ) =
∞∑
j=0

1

j!
Sj+1(x).

Let Xϵ(y) be the fundamental solution operator of system (55) with initial condition y at “time”
ϵ = 0, and X (y, ϵ) = Xϵ(y) at a fixed value of ϵ. Then we define the Lie transform of a function
f(x) as

LS(f) := f ◦ X . (56)
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Once we have properly chosen the generating function S, the normal-form Hamiltonian is then
the Lie transform of the original Hamiltonian:

H∗(y) = LS(H∗)(y) = (H∗ ◦ X ) (y) = H∗(X (y, ϵ)).

The question remains how to choose the generating function, which will become clear given the
algorithm for computing the Lie transform, known as the Deprit triangular array. This provides
a structure that enables us to track the numerous terms in the calculation and to construct an
algorithm suitable for implementation. We refer the reader to the references above for details
omitted below. The array takes the form

(H0 ≡) H0
0

(
≡ H0

)
↓ ↘

(H1 ≡) H0
1 → H1

0

(
≡ H1

)
↓ ↘ ↓ ↘

(H2 ≡) H0
2 → H1

1 → H2
0

(
≡ H2

)
↓ ↘ ↓ ↘ ↓ ↘

(H3 ≡) H0
3 → H1

2 → H2
1 → H3

0

(
≡ H3

)
...

. . .
...

. . .
...

. . .
...

A relationship defined by an arrow like a → b indicates the direction of dependence, i.e., that
constructing b depends on knowledge of a. Each intermediate term H i

j , is defined as a sum of
Poisson brackets of terms in the column to its left and above it in the array with appropriate terms
in the generating function series,

H i
j := H i−1

j+1 +

j∑
k=0

(
j

k

){
H i−1

j−k, Sk+1

}
. (57)

To compute Hj = Hj
0 for j ≥ 1, we begin with Hj = H0

j and work from left to right. At
the beginning of this step, the expansion of S up to Sj−1 are known, so that computing all the
intermediate terms involves explicit computations in terms of previously-computed terms.

Computing the rightmost term in the row Hj
0 involves the yet-to-be-determined expression Sj .

Our goal is then to choose Sj in order to make Hj as simple as possible. After some computations
(not shown), it can be combined into an equation relating Hj and Hj

Hj = Hj
0 = {H0, Sj} +Hj + Bj = adH0 Sj +Hj + Bj , (58)

where Bj terms can be considered “byproducts” produced by the algorithm up to this point.
Our goal is to choose Sj in a form that simplifies Hj as much as possible. The simplest possible

form would be Hj = 0, which would require

adH0 Sj = −Hj − Bj . (59)

This would require the right-hand side of this equation to be in the range of the operator adH0 ,
which may or may not hold. At each order of the perturbation expansion, we will identify a finite-
dimensional vector space V such that adH0 : V → V. Once we more precisely define V, then we
may appeal to the Fredholm alternative to decompose

V = Ran adH0 ⊕ Null adH0 ,
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where we have used the fact that adH0 = adT
H0

when A = J∇H0 is diagonalizable. The definition
of the transpose operator depends on the inner product defined below in Eq. (62).

We must therefore consider the space on which this operator acts. First, we introduce the space

Hn(W,W̄;Z, Z̄) :=

 ∑
|α|+|β|=n

aα,β(Z, Z̄)WαW̄β

∣∣∣∣∣ aα,β ∈ Cω(Z, Z̄)

 . (60)

of polynomials of homogeneous degree n in the (W,W̄) coordinates with coefficients that are real-
analytic functions of the (Z, Z̄) coordinates. Here α and β are multi-indices, i.e., N -tuples of
non-negative integers. In this section, we use the multi-index definitions

α = (α1, . . . , αN ) for αj ∈ Z≥0;

|α| =

N∑
j=1

αj ; Wα =

N∏
j=1

W
αj

j ; ∂αW = ∂α1
W1

· · · ∂αN
WN

.
(61)

The natural inner product on this space is

⟨F,G⟩HN := F (∂W, ∂W̄)G(W,W̄)
∣∣
W=W̄=0

. (62)

The inner product of a pair of monomials is
〈
WαW̄β,Wα′

W̄β′
〉
HN

= δαα′δββ′α!β!, where the

multi-index factorial is α! =
∏N

j=1 αj !.

Then we introduce the space of polynomials of degree at most n in the (W,W̄) coordinates
with coefficients that are real-analytic functions of the (Z, Z̄) coordinates and

Pn(W,W̄;Z, Z̄) :=

 ∑
|α|+|β|≤n

aα,β(Z, Z̄)WαW̄β

∣∣∣∣∣ aα,β ∈ Cω(Z, Z̄)


=

n⊕
k=0

Hk(W,W̄;Z, Z̄).

The inner product definition (62) can be extended to Pn and vanishes identically when applied to
a pair of monomials of different orders.

The series for H∗ is composed of terms

Hj ∈ Hj−1(W,W̄;Z, Z̄).

Then the Poisson bracket defined using the symplectic form (42) satisfies

{·, ·} : Pm(W,W̄;Z, Z̄) × Pn(W,W̄;Z, Z̄) → Pm+n−2(W,W̄;Z, Z̄).

More importantly, because H0 is independent of (Z, Z̄) and quadratic in (W,W̄),

adH0 : Hn(W,W̄;Z, Z̄) → Hn(W,W̄;Z, Z̄),

and
adH0 : Pn(W,W̄;Z, Z̄) → Pn(W,W̄;Z, Z̄).

These two statements can be verified via direct calculation. They allow us to define

ad
(n)
H0

:= adH0 |Pn
.
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From these statements, we may verify by mathematical induction that the byproduct terms
that appear in Eq. (58) satisfy Bj ∈ Pj−1(W,W̄;Z, Z̄). Thus, at each stage of the perturbation
expansion, we decompose

Hj + Bj = Resj + Nonj , where Resj ∈ Null
(

ad
(j−1)
H0

)
and Nonj ∈ Ran

(
ad

(j−1)
H0

)
.

The terms in Nonj are called nonresonant. By an appropriate choice of terms that form Sj ∈
Pj−1(W,W̄;Z, Z̄), we may ensure that no terms of this type appear in Hj . The terms that form
Resj are called resonant. By contrast, there does not exist a generating function Sj that can remove
such terms from Hj . Since Pj−1 is finite-dimensional, so are these subspaces, implying that the
terms in Eq. (59) can be interpreted as finite-dimensional vectors and matrices.

We now apply the above general discussion and describe how to arrive at the slow manifold
normal form presented in Section 5.4. We wrote the Hamiltonian in terms of the complex coordi-
nates given in Eq. (41) because the operator adH0 acts diagonally on monomials in (W,W̄). In
particular,

ad
(j−1)
H0

WαW̄β =
2iq · (α− β)

ϵ
WαW̄β.

Clearly, then, the condition that a monomial be resonant is

WαW̄β ∈ Null(adH0) ⇔ q · (α− β) = 0. (63)

Therefore, we can deal with the nonresonant terms as follows. Write

Nonj =
∑

(α,β)∈Rj−1

cα,βW
αW̄β and Sj =

∑
(α,β)∈Rj−1

aα,βW
αW̄β,

where
Rj−1 :=

{
(α,β)|WαW̄β ∈ Ran

(
ad

(j−1)
H0

)}
,

then
aα,β =

ϵcα,β

2iq · (α− β)
. (64)

The terms satisfying the resonance condition (63) cannot be removed by a change of variables
and make up the normal form Hamiltonian. Any W-independent function F (Z) is resonant, since
it lies in the adjoint null-space of adH0 .

5.6 Deriving the changes of variables

The above procedure generates a formal power series for a transformed Hamiltonian from which all
resonant terms have been removed. Knowledge of this transformed Hamiltonian suffices for many
applications. Here, however, our goal is to derive a series for a slow manifold on which oscillations
in the direction of the fast degree of freedom are suppressed. The Lie transform (56) provides a
way to transform any function once the generating function S is known. In particular, if f(Z,W)
is any component of the identity operator, then we may use Eq. (57) to evaluate its image under
the Lie transform, which tells us how the coordinates transform under this mapping. Collins et al.
discuss this in detail [25].
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5.7 Application to a system of two vortices

We restrict our calculation to the two cases discussed above: the corotating case of two identical
vortices and the counter-rotating case of two vortices of equal strength but opposite sign.

In either case, and in fact for any system of point vortices, the term H1 = E0(Z;q), as defined
in Eq. (44), is W-independent, and thus resonant, so that

S1(Z,W) = 0 and H1(Z;q) = H1(Z;q).

Collins gives explicit formulas for the change-of-variables defined by the Lie transform in terms
of iterated Poisson brackets. These simplify considerably when S1 vanishes. Let

y =
(
Z1,Z2,W1,W2, Z̄1, Z̄2, W̄1, W̄2

)
be the vector of “new” variables and Xk(y) be the kth component of the map X (y, ϵ) from new
variables to the old. Then we may show that

Xk(y) = yk +
1

2
{yk, S2} +

1

6
{yk, S3} + . . .

truncated to the same order as the approximations (49) and (50). Below, we present the expansion
up to the first correction term.

The corotating case

In the corotating case, q1 = q2 = 1, the resonance condition (63) becomes

α1 + α2 − β1 − β2 = 0.

If the monomial is in Hj , then

|α| + |β| = α1 + α2 + β1 + β2 = j.

Combining these two conditions implies that

2(α1 + α2) = j,

which implies that the space of resonant monomials for any odd degree j is empty. This, in turn,
implies that the normal form for the slow manifold contains only monomials of even total degree.
For j = 2, we find that the system has four solutions,

(α,β) ∈
{((

1

0

)
,

(
1

0

))
,

((
0

1

)
,

(
0

1

))
,

((
1

0

)
,

(
0

1

))
,

((
0

1

)
,

(
1

0

))}
,

so that
Res2 = span{W1W̄1,W2W̄2,W1W̄2, W̄1W2}

in agreement with the first nonzero term in the normal form Hamiltonian expansion displayed in
Eq. (49). All resonant terms of higher degree are formed from products of these four monomials.

26



The change of variables takes the form

Z1 = Z1 +
iϵ

2

(
− W1

(Z1Z̄1−1)
2 + W̄1

(
− Z2

1

(Z1Z̄1−1)
2 − Z2

2

(Z2Z̄1−1)
2 + 1

(Z̄1−Z̄2)
2

)
− W2

(Z2Z̄1−1)
2 − W̄2

(Z̄1−Z̄2)
2

)
+O(ϵ |W|2) +O(ϵ2 |W|);

Z2 = Z2 +
iϵ

2

(
− W1

(Z1Z̄2−1)
2 + W̄2

(
− Z2

1

(Z1Z̄2−1)
2 + 1

(Z̄1−Z̄2)
2 − Z2

2

(Z2Z̄2−1)
2

)
− W̄1

(Z̄1−Z̄2)
2 − W2

(Z2Z̄2−1)
2

)
+O(ϵ |W|2) +O(ϵ2 |W|);

W1 = W1 + iϵ
2
−Z1Z2Z̄2

1+2Z1Z2Z̄2Z̄1−Z1Z̄2−Z2Z̄2+1

(Z1Z̄1−1)(Z2Z̄1−1)(Z̄1−Z̄2)
+O(ϵ |W|) +O(ϵ2);

W2 = W2 + iϵ
2
Z1Z2Z̄2

2−2Z1Z2Z̄1Z̄2+Z1Z̄1+Z2Z̄1−1

(Z̄1−Z̄2)(Z1Z̄2−1)(Z2Z̄2−1)
+O(ϵ |W|) +O(ϵ2);

(65)

The O(ϵ2) terms in the equations for W1 and W2 are W-independent.
The next term in the normal form Hamiltonian expansion (49) shows us that the hyperplane

W = 0 is invariant under the normal form dynamics truncated to this order. Since all higher-order
terms take the same form, this hyperplane is invariant under the normal form dynamics truncated
to any order. Therefore, the slow manifold is given by

(Z,W) = X (Z,W, ϵ).

Plugging W = 0 into the first two equations of (65) gives

Z1 = Z1; Z2 = Z2, (66)

so we may write W1 and W2 directly in terms of Z1 and Z2 as shown in Eq. (51).

The counter-rotating case

If q1 = −q2 = 1, the resonance condition becomes

α1 − α2 − β1 + β2 = 0.

All resonant monomials are again of even degree j and must also satisfy

2(α1 + β2) = j.

For j = 2, we find that
Res2 = span{W1W̄1,W2W̄2,W1W2, W̄1W̄2}

in agreement with the first nonzero term in the normal expansion for H∗, Eq. (50). Again, all
resonant terms of higher degree consist of products of these four monomials. The leading order
terms in the expansion of the slow manifold are shown in Eq. (52).

5.8 Numerical results on S1

Figure 3a depicts dynamics of the x coordinate of the vortex with topological charge q1 = −1 in a
system of two counter-rotating vortices. It shows two time series that are largely similar but display
key differences. The first is the motion of a vortex in a system of two massless vortices, and the
second shows the motion of one in the massive system with initial conditions given on the kinematic
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manifold K. The two time series gradually go out of phase over the course of the simulation. The
first also undergoes an additional oscillation of small amplitude and high frequency; this is not
visible on the scales shown, but we plot it in Figure 5b, which we discuss below.

We perform an additional numerical simulation of the massive system (8), this time with initial
data constructed to lie on S1, the first nonlinear approximation to the slow manifold S. To find
these, we begin with the initial values in Eq. (19), and use these to construct the Rj and Pj

coordinates using Eq. (34), which give Pj ≡ 0. We complexify Rj to compute Z, and finally
compute W using Eq. (52). Inverting this sequence of transformations gives us an initial condition
in the original coordinate system:

r1(0) = (x1(0), y1(0)) = (0.602543, 0.200491), r2(0) = (x2(0), y2(0)) = (−0.300376,−0.401214),

p1(0) = (−0.199509, 0.597457), p2(0) = (−0.398786, 0.299624).
(67)

By construction, these initial conditions do not satisfy Eq. (11), so do not lie on K.
We plot the results in Figure 5. In the view shown in Figure 5a, the two simulations of the

massive-vortex system are indistinguishable. In Figure 5b, which shows the solution over a much
shorter time interval, we can see that the solution that starts on K oscillates about the solution
that starts on S1.
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(a) x-coordinate of vortex 1
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(b) x-coordinate of vortex 1—shorter time

Figure 5: Massless and massive time series of vortex 1 with parameters and initial conditions
from (19) satisfying (r(0),p(0)) ∈ K and a third with initial condition from (67).

Choosing the initial condition on S1 reduces but does not eliminate the fast oscillations. Fig-
ure 6a, shows two plots of V1(t) = (ξ1(t) − x1(t))/2 (the second component of P1 = 1

2 (p1 − q1Jr1)
where p1 = (ξ1, η1)), the first with initial condition (19) on K and the second with initial condi-
tion (67) on S1, both over a short timescale. On the kinematic subspace V1 ≡ 0, so the solution that
starts on K has V1(0) = 0, but the fast oscillation is large relative to the trajectories whose initial
condition lies on S1. By computing more terms in the slow manifold expansion, we can reduce the
amplitude of the fast oscillations further.

Figure 6b shows that the fast oscillations in the value of the massless angular impulse seen
in Figure 4 are significantly reduced when the initial condition is chosen on S1. Slower oscillations
remain.
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Figure 6: (a) The V1 component of the motion transverse to K for the initial condition (19) on K
and Eq. (67) on S1. (b) Time evolution of angular impulse I (see (20)) along massless solution
r(0)(t) and massive solution r(ϵ)(t) with parameters and initial conditions from (67) on S1.

6 Conclusions and Outlook

6.1 Conclusions

In this work, we analyzed the dynamics of massive point vortices in immiscible Bose–Einstein
condensates in the small core mass limit ϵ→ 0. We showed that the well-known Kirchhoff equations
governing massless vortex dynamics emerge as the leading-order approximation to the massive
equations.

Our key findings are:

(i) The identification of a subspace K in the phase space of the massive dynamics such that
the massive dynamics starting O(ϵ)-close to K stays O(ϵ)-close to the corresponding massless
dynamics for short times;

(ii) A rigorous proof of this near-massless behavior of the massive dynamics;

(iii) Computation of the leading terms in the approximations of the slow manifold S and a near-
identity change of variables into a normal form that decouples the fast inertial oscillations
from a slow motion equivalent to the massless dynamics.

(iv) Numerical computation showing the effectiveness of the normal form dynamics in a neighbor-
hood of S.

From a physical perspective, our results are particularly relevant to many experimental sys-
tems because vortices acquire an effective inertial mass ϵ due to their tendency to trap particles
(tracers, impurities, quantum and thermal excitations, etc). As a result, the conventional mass-
less point-vortex model overlooks an essential feature of real systems. By systematically analyzing
the asymptotic behaviors as ϵ → 0, our work provides a more realistic and physically meaningful
description of vortex motion in quantum fluids. We expect it to give a better understanding of
various recent and ongoing experiments [42, 50, 66, 74].
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6.2 Outlook

This study suggests several directions for future research. Thus far, we have discussed only the
similarity between the motions of massive and massless vortices, despite several key differences
between them. For example, massive vortices in a hard-walled trap can collide with the boundary
in finite time, an effect not possible for massless vortices [14]. More relevant to the current study,
the dynamics on the slow manifold S are (formally) identical to the massless dynamics, which are
completely integrable for a system of N = 2 vortices. However, the introduction of mass increases
the dimension of the phase space without increasing the number of independent conserved quan-
tities, breaking the system’s integrability. This should allow for a wider set of solution behaviors,
including chaotic dynamics, especially for solutions on longer time intervals. To leading order,
these behaviors should be captured by the next-order terms in the Hamiltonian expansions; see
Equations (49) and (50), which couple the dynamics of the Z coordinates in the slow manifold to
the W coordinates transverse to it. Understanding this will require a more detailed study of the
massless dynamics before the effects of mass are introduced.

Figure 5 shows that solutions starting on S1, the first nontrivial approximation to the slow
manifold S, remain near the slow manifold for the time scale simulated. However, the normal-form
calculation of Section 5 is insufficient to prove the existence of a slow manifold, since the series
produced by the algorithm usually has zero radius of convergence. This is a longstanding concern
in dynamical systems, which we briefly summarize. The main ideas were developed in the study
of two model problems, the first arising in the dynamics of atmospheric waves, and the second in
the motion of electrons in the presence of curved magnetic fields. In both of these systems, as for
point vortices with small mass, the motion transverse to the slow manifold is oscillatory. The other
main case, when the slow manifold is saddle-like, is better understood; the existence and stability
of such slow manifolds goes back to work of Fenichel [33].

Lorenz and Krishnamurthy proposed a two-degree-of-freedom model of the atmosphere with
one degree of freedom representing (slow) Rossby waves and a second representing (fast) gravity
waves, and showed numerically that fast oscillations invariably arose, despite careful choice of
initial conditions [59]. Camassa used a Melnikov integral argument to identify the mechanism of
energy transfer from slow degrees of freedom to fast [16]. He noted that his argument suffices to
construct a Smale horseshoe, thereby proving the existence of chaotic dynamics. Subsequently,
Vanneste derived leading-order asymptotics for terms in the tail of the slow manifold expansion
and, using Borel summation, found beyond-all-orders terms in the asymptotics, showing that the
slow manifold is only piecewise analytic; when trajectories cross a Stokes surface in the manifold,
they excite exponentially small oscillations transverse to S [92].

Another promising avenue is a more detailed investigation of the so-called plasma-orbit theory,
which describes vortex trajectories through an analogy with the motion of charged particles in
an external electromagnetic field; see [14, 34, 72]. Questions about slow manifolds have arisen
frequently in the study of plasma-orbit theory, where it is often referred to as guiding center
motion [20, 56–58]. These references primarily concern the derivation of the reduced Hamiltonian
equations. Burby and Hirvijoki recently proved the existence and stability of a slow manifold under
additional assumptions on the reduced Hamiltonian and with a single fast degree of freedom [13],
as opposed to the present case, where each massive vortex contributes a fast degree of freedom.

In Section 5, we find that the higher-order terms in the Hamiltonian and the form of the slow
manifold both depend on the choice of signs of the topological charges qj . This is because the form
of the resonance depends on the set of exponents that satisfy the algebraic condition (63). For larger
systems of vortices, or for systems including multiply-quantized vortices with larger integer-valued
topological charges, the sets of resonant monomials will be different, and different types of terms will

30



appear. The effective mass of each vortex depends on the number of particles of the b component
it traps. In the present analysis, we have assumed that the density of b is sufficiently large, and the
trapping dynamics sufficiently uniform, that each vortex captures essentially the same number of b-
particles, resulting in identical effective masses for all vortices. This assumption is natural in regimes
where the “doping” component is not too dilute and where the vortex cores represent energetically
similar trapping sites. However, in a two-component Bose–Einstein condensate, this need not be the
case: when the b component is very dilute, different vortices may trap different numbers of particles,
so that the vortex effective masses become non-uniform [8] (and may effectively take non-integer
values in units of the particle mass). In that scenario, there may exist no positive-integer-valued
solutions to the resonance condition. Formally, this would imply that all terms appearing on the
right-hand side of Eq. (59) can be solved; nevertheless, there will exist exponents α and β for which
the denominator of Eq. (64) becomes arbitrarily small. Such near resonances produce small-divisor
problems, introducing additional technical difficulties in applying the perturbation method [82].

More broadly, the issue of whether vortex masses are equal or heterogeneous depends on the
physical realization of the massive point-vortex model. While two-component condensates can
naturally lead to unequal core masses due to statistical fluctuations in the amount of trapped foreign
material, there exist other systems where the equal-mass assumption is more justified. For instance,
in fermionic superfluids (and similarly in superconductors), vortex cores can be spontaneously filled
by an intrinsic “normal component” generated by pair-breaking mechanisms [19, 31, 54, 79, 86].
In that case, the vortex core mass is not produced by externally introduced particles. Instead, it
emerges as an intrinsic microscopic property of the vortex itself, making it far more reasonable to
assume that all vortices carry the same effective core mass. Finally, in superfluid liquid helium,
vortices can be doped with tracer particles [10, 38, 70, 88], and the doping process can, in principle,
be engineered to produce vortices with nearly identical tracer loads, again supporting the equal-
mass approximation.

Expected applications of this improved and more accurate theoretical framework include the
instabilities of many-vortex systems [15, 42, 85] and of multiply quantized vortices [26], the for-
mation [90] and sudden rearrangements of vortex crystals [17, 24, 71], the normal modes of vortex
necklaces [5, 14, 15, 21, 42], as well as the interaction of vortices in inhomogeneous media [83] and
curved substrates [18], or their interplay with other nonlinear excitations [32, 87].
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Appendix: Proof of (30)

This proof essentially reproduces the proof of [82, Lemma 2.8.2]. We include it here for complete-
ness. Set

E(w, τ) := F(w, τ) − F(w).
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Then τ 7→ E(w, τ) is 2π-periodic with zero average. Now, setting τi := 2πi for i ∈ Z, for every
T ∈ [0, t1/ϵ], there exists m ∈ N such that τm ≤ T < τm+1. Therefore,∫ T

0
E(w(τ), τ) dτ =

m−1∑
i=0

∫ τi+1

τi

E(w(τ), τ) dτ +

∫ T

τm

E(w(τ), τ) dτ,

We have the following estimate for the first m integrals: For every i ∈ {0, . . . ,m− 1}, we have∥∥∥∥∫ τi+1

τi

E(w(τ), τ) dτ

∥∥∥∥ =

∥∥∥∥∫ τi+1

τi

(E(w(τ), τ) −E(w(τi), τ)) dτ

∥∥∥∥
≤
∫ τi+1

τi

∥E(w(τ), τ) −E(w(τi), τ)∥ dτ

≤ λ2

∫ τi+1

τi

∥w(τ) −w(τi)∥ dτ

≤ 2π λ2 c0 ϵ.

The first line is due to the vanishing average of E; the third line follows because w 7→ E(w, τ)
is Lipschitz with Lipschitz constant λ2 > 0 due to the assumptions; the fourth line follows by
integrating (28):

∥w(τ) −w(τi)∥ ≤ ϵ

∫ τ

τi

∥G(w(σ))∥ dσ ≤ c0 ϵ

with some constant c0 > 0.
The norm of the last integral can also be bounded by some constant k0 > 0. Hence we have∥∥∥∥∫ T

0
E(w(τ), τ) dτ

∥∥∥∥ ≤ 2πm︸︷︷︸
τm

λ2 c0 ϵ+ k0

However, since τm ≤ T ≤ t1/ϵ, we obtain∥∥∥∥∫ T

0
E(w(τ), τ) dτ

∥∥∥∥ ≤ λ2 c0 t1 + k0 =: c1 ∀T ∈ [0, t1/ϵ].
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